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Abstract 

We classify integral rootless lattices which are sums of pairs of E'E'g-lattices 
(lattices isometric to \pl times the E'g-lattice) and which define dihedral groups of 
orders less than or equal to 12. Most of these may be seen in the Leech lattice. 
Our classification may help understand Miyamoto involutions on lattice type vertex 
operator algebras and give a context for the dihedral groups which occur in the 
Glauberman-Norton moonshine theory. 
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1 Introduction 

By lattice, we mean a finite rank free abelian group with rational valued, positive 
definite symmetric bilinear form. A root in an integral lattice is a norm 2 vector. 
An integral lattice is rootless if it has no roots. The notation EEs means 1/2 times 
the famous Es lattice. 
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In this article, we classify pairs of E'E'g-lattices which span an integral and root- 
less lattice and whose associated involutions (isometrics of order 2) generate a di- 
hedral group of order at most 12. Examples of such pairs are easy to find within 
familiar lattices, such as the Barnes- Wall lattices of ranks 16 and 32 and the Leech 
lattice, which has rank 24. 

Our main theorem is as follows. These results were announced in [GL] . 

Main Theorem 1.1. Let M,N = EEs sublattices in a Euclidean space such 
that L = M + N is integral and rootless. Suppose that the involutions associated to 
M and N ^2.4^ generate a dihedral group of order less than or equal to 12. Then the 
possibilities for L are listed in Table [I] and all these possibilities exist. The lattices 
in Table{l\are uniquely determined (up to isometry of pairs M,N) by the notation 
in column 1 (see Table\B^. Except for D I H4{15), all of them embed as sublattices 
of the Leech lattice. 



Table 1: NREESSUMs: integral rootless lattices which are sums of EEsS 



Name 


{thl, ^7v) 


Isometry type of L (contains) 


V{L) 


In Leech? 


DIHi{l2) 




> DDf-^ 


1^2642 


Yes 




Dih^ 


> AAf' ± DDf' 


142«42 


Yes 




Dih^ 


> AAi ± EE^'^ 


P214 


No 




Dih^ 


= EEs -L EEs 


216 


Yes 


DIH,{U) 


Dihg 


> AA2 ^ A2® Eq 


1^3362 


Yes 




Dihg 


= A2®Es 


1838 


Yes 


DIHs{lh) 


Dihs 


> AAi^ ± EEs 


11045 


Yes 


DIHsil6,DD4) 


Dihs 


> DDi'^ ± EEs 


^82444 


Yes 


DIHs{lQ,0) 


Dihs 


= BWie 


1828 


Yes 




DihiQ 


> (g) y44 


11254 


Yes 




Dihi2 


> AA2 ± AA2 
±A2®Eq 


11254 


Yes 



X denotes the orthogonal sum of n copies of the lattice X. 



Table 2: Containments of NREE8SUM 



Name 


Sublattices 


DIHs{l^) 


DIHi{l2) 


DIHsilQ.DD^) 


DIH^iU) 


DIHs{16,0) 


DIH^ilG) 


DIHuilQ) 


DIH^iU), DIHe{U) 
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Our methods are probably good enough to determine all the cases where M + N 
is integral, but such a work would be quite long. 

This work may be considered purely as a study of positive definite integral 
lattices. Our real motivation, however, is the evolving theory of vertex operator 
algebras (VOA) and their automorphism groups, as we shall now explain. 

The primary connection between the Monster and vertex operator algebras was 
established in [FLM] . Miyamoto showed [Mil] that there is a bijection between the 
conjugacy class of 2A involutions in the Monster simple group and conformal vectors 
of central charge ^ in the moonshine vertex operator algebra V'^. The bijection 
between the 2^-involutions and conformal vectors offers an opportunity to study, 
in a VOA context, the McKay observations linking the extended E's-diagram and 
pairs of 2 A- involutions [LYYj . This McKay theory was originally described in purely 
finite group theory terms. 

Conformal vectors of central charge ^ define automorphisms of order 1 or 2 
on the VOA, called Miyamoto involutions when they have order 2. They were 
originally defined in [Mi]; see also [Mil]- Such conformal vectors are not found in 
most VOAs but are common in many VOAs of great interest, mainly lattice type 
VOAs and twisted versions |DMZl IDLMNj . Unfortunately, there are few general, 
explicit formulas for such conformal vectors in lattice type VOAs. We know of 
two. The first such formula (see |DMZ| ) is based on a norm 4 vector in a lattice. 
The second such formula (see (DLMN) . IGrO+l ) is based on a sublattice which is 
isometric to EE^. This latter formula indicates special interest in EE^ sublattices 
for the study of VOAs. 

We call the dihedral group generated by a pair of Miyamoto involutions a 
Miyamoto dihedral group. Our assumed upper bound of 12 on the order of a 
Miyamoto dihedral group is motivated by the fact that in the Monster, a pair 
of 2A involutions generates a dihedral group of order at most 12 |GMS] . Recently, 
Sakuma [Saj announced that 12 is an upper bound for the order of a Miyamoto 
dihedral group in an OZVOA (= CFT type with zero degree 1 part) [GNAVOAl] 
with a positive definite invariant form. This broad class of VOAs contains all lattice 
type VOAs such that the even lattice L is rootless, and the Moonshine VOA 
y''. If a VOA has nontrivial degree 1 part, the order of a Miyamoto dihedral group 
may not be bounded in general (for instance, a Miyamoto involution can invert a 
nontrivial torus under conjugation). See [GNAVOAlj . 

If L is rootless, it is conjectured |LSYj that the above two kinds of conformal 
vectors will exhaust all the conformal vectors of central charge 1/2 in . This 
conjecture was proved when L is a \/2 times a root lattice or the Leech lattice 
[LSY^ ILSj but it is still open if L is a general rootless lattice. The results of this 
paper could help settle this conjecture, as well as provide techniques for more work 
on the Glauberman-Norton theory [GlNoj . 

The first author acknowledges financial support from the National Science Foun- 
dation, National Cheng Kung University where the first author was a visiting distin- 
guished professor, and the University of Michigan. The second author acknowledges 
financial support from the National Science Council of Taiwan (Grant No. 95-2115- 
M-006-013-MY2). 
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2 Background and notations 



Convention 2.1. Lattices in this article shall be rational and positive definite. 
Groups and linear transformations will generally act on the right and n-tuples will 
be row vectors. 

Definition 2.2. Let X be an integral lattice. For any positive integer n, let = 
{x € L\ (x, x) = n} be the set of all norm n elements in X. 

Definition 2.3. If L is a lattice, the summand of L determined by the subset S of 
L is the intersection of L with the Q-span of S. 

Notation 2.4. Let X be a subset of Euclidean space. Define tx to be the orthogonal 
transformation which is —1 on X and is 1 on X^. 

Definition 2.5. A sublattice M of an integral lattice L is RSSD (relatively semi- 
self dual) if and only if 2L < M + anni{M). This implies that tM maps L to L and 
is equivalent to this property when M is a direct summand. 

The property that 2M* < M is called SSD (semiselfdual). It implies the RSSD 
property, but the RSSD property is often more useful. For example, if M is RSSD 
in L and M < J < L, then M is RSSD in J, whence the involution tM leaves J 
invariant. 

Example 2.6. An example of a SSD sublattice is \/2C/, where [/ is a unimodular 
lattice. Another is the family of Barnes- Wall lattices. 

Lemma 2.7. // the sublattice M is a direct summand of the integral lattice L and 
{det{L),det{M)) = 1, then SSD and RSSD are equivalent properties for M. 

Proof. It suffices to assume that M is RSSD in M and prove that it is SSD. 

Let V be the ambient real vector space for L and define A := annv{M). Since 
{det{L),det{M)) = 1, the natural image of L in P(M) is P(M), i.e., L+A = M* +A 
fOk) . We have 2(L + A) = 2{M* + A), or 2L + A = 2M* + A = M ± A. The 
left side is contained in M + ^, by the RSSD property. So, 2M* < M + A. If we 
intersect both sides with annv{A), we get 2M* < M. This is the SSD property. □ 

Lemma 2.8. Suppose that L is an integral lattice and N < AI < L and both M 
and N are RSSD in L. Assume that M is a direct summand of L. Then annM{X) 
is an RSSD sublattice of L. 

Proof. This is easy to see on the level of involutions. Let t, u be the involu- 
tions associated to M,N. They are in 0{L) and they commute since u is the 
identity on anni^M), where t acts as the scalar 1, and since u leaves invariant 
M = annilannL^M)), where t acts as the scalar —1. Therefore, s := tu is an 
involution. Its negated sublattice L~(.s) is RSSD ()2.4p . and this is annM{N). □ 

Definition 2.9. An IEE8 pair is a pair of sublattices M, N = EEs in a Euclidean 
space such that M -|- A'^ is an integral lattice. If M-|- A^ has no roots, then the pair is 
cahed an NREE8 pair. An lEESUM is the sum of an IEE8 pair and an NREE8SUM 
is the sum of an NREE8 pair. 
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Table 3: Notation and Terminology 



Notation 


Explanation 


Examples in text 




root system of the indicated type 


Table [HE] 


Ai, - ■ ■ ,Es 


root lattice for root system , ■ ■ ■ ,^Es 


Table [HE] 


AAi,--- ,EEs 


lattice isometric to times the lattice 
Ai, - ■ ■ ,Es 


Table [I] 




{v G L\ {v, s) = for all s e S} 


(I2.4P. (16.211) 


BRW+{2'^) 


the Bolt-Room- Wall group, a subgroup of 
0(2'^, Q)of shape 2]+^'^Q+{2d, 2) 




BW2n 


the Barnes- Wall lattice of rank 2" 


Table I1U61 05.2.21) 


DIHn{r) 


an NREE8SUM M, N such that the SSD 
involutions tM,tN generate a dihedral group 
of order n and M -|- is of rank r 


Table [H Sec. F.3 


DIHs{lQ,X) 


an NREE8SUM DIHs{l6) such that 
X ^ annM{N) ^ annN{M) 


Table [H Sec. F.3 


DIHn-theoTj 


the theories for DIHn{r) for all r 


Sec. 15.2116.21 


V{L) 


discriminant group of integral lattice L: L*/L 


fA.3). (D.17) 


HSn or D+ 


the half spin lattice of rank n, i.e., 
the lattice generated by D„ and ^(11 ■ ■ ■ 1) 


f|6.22!) 


HHS+ or DD+ 


times the half spin lattice HS:^ 


flF.4) 


1EE8 pair 


a pair of EEg lattices whose sum is integral 


(12.91). Sec. F.3 


IEE8SUM 


the sum of an 1EE8 pair 




NREE8 pair 


an 1EE8 pair whose sum has no roots 


(12.91). Sec. IF.3 


NREE8SUM 


the sum of an NREE8 pair 


Table [I] 


L* 


the dual of the rational lattice L, i.e., those 
elements u of L which satisfy {u, L) < Z 


(12.41). (IA.3D 


A 


the Leech lattice 


Sec. F.3 




the eigenlattices for the action of t 






on the lattice L: L^it) := {x G L\xt = ex} 

\ / L 1 J 


(16.221) 


Teimt) 


total eigenlattice for action of t 
on L; L+{t) ± L-{t) 


(16.30!) 


Tel{L,D) 


total eigenlattice for action of an elementary 
abelian 2-group D on L; Tel{L,D) := ^L^-, 
where A G Hom{D, {±1}) and 
= {a & L\ ag = X{g)a for all 7 G D} 


(A.2) 




the homocyclic group ZJ^ = Z.^ x ■ ■ ■ x Z^, 
n times 


(16.91). (D.12) 


\9l\G\ 


order of a group element, order of a group 


(D.6). Sec. F.3 


0{X) or AutX 


the isometry group of the lattice X 


(E31) 
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Table 4: Notation and Terminology (continued) 



Notation 


Explanation 


Examples in text 


Op{G) 


the maximal normal p-subgroup of G 


flA.llD. (A.13) 


0,,{G) 


the maximal normal p'-subgroup of G, 


(A.14) 


p-rank 


the rank of the maximal elementary 
abelian j9-subgroup of an abelian group 


(A.3) 


root 


a vector of norm 2 


Sec. Ill (13.51) 


rectangular 
lattice 


a lattice with an orthogonal basis 


(1B.2P 


square lattice 


a lattice isometric to some ^^mZ" 


(B.2) 


Weyl{Es), Weyl{F^) 


the Weyl group of type Eq, F^^, etc 


(D.2P 


Xn 


the set of elements of norm n 
in the lattice X 


(17.101). (17.11ft 


X±n 


the orthogonal sum of n copies 
of the lattice X 


Tabled El El 


e 


an isometry of Leech lattice 
fsee Notation If. 5l) 


(F.5), Sec. F.3 




rank n lattice with an orthonormal basis 


(B.3) 



Lemma 2.10. We use Definition \2.4\ Let M and N be RSSD in an integral lattice 
L = M + N . A vector in L fixed by both tM and t^ is 0. 

Proof. We use L = M + N . If we tensor L with Q, we have complete reducibility 
for the action of {tM^t^)- Let U be the fixed point space for {tM,tiy) on Q ® L. 
The images of M and N in U are 0, whence ?7 = 0. □ 

3 Tensor products 

Definition 3.1. Let A and B be integral lattices with the inner products ( , )a_ 
and ( , )b, respectively. The tensor product of the lattices A and B is defined to be 
the integral lattice which is isomorphic to A <S>z B as a Z-module and has the inner 
product given by 

(a (g) /?, a' (g) /?') = (a, a')yi • (/?, for any a, a' G A, and P,f3'£B. 
We simply denote the tensor product of the lattices A and B hy Af^i B. 

Lemma 3.2. Let D := {t,g) be a dihedral group of order 6, generated by an in- 
volution t and element g of order 3. Let R be a rational lattice on which D acts 
such that g acts fixed point freely. Suppose that A is a sublattice of R which satisfies 
at = —a for all a £ A. Then 

(i) Ar\ Ag = 0; so A + Ag = A® Ag as an abelian group. 
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(a) A + Ag is isometric to ACi^ B, where B has Gram matrix { i 

(Hi) Furthermore annA+Ag{^) = -^{g — 9^) — V^A. 

Proof, (i) Take a £ A and suppose a = a'g. Since at = —a, we have —a = at = 
a'gt = a'tg'^ = —a'g^. That means a = a'g'^ and a = ag. Thus a = since g acts 
fixed point freely on R. 

For anyx,y G R, we have = (x,0) = {x,y+yg+yg^) = {x,y) + {x,yg) + {x,yg^). 
Now, take x,y £ A. We have {x,yg) = {xt,ygt) = {—x,ytg'^) = {—x,—yg'^) = 
{x,yg'^). We conclude that {x,yg) = {x,yg'^) = —^{x,y). 

Let bars denote images under the quotient Z{g) Z{g) / {1 + g + g'^) 

We use the linear monomorphism A^ g^ — > i? where Z,{g)/{1 + g + 5^) has the 
bilinear form which take value 1 on a pair g^ , g^ and value — ^ on a pair g"^ , g^ where 
j = izizl. This proves (ii) 

For (iii), note that ip : x 1-^ xg — xg^ for x £ A is a scaled isometry and Irmp is 
a direct summand of Ag © Ag^. Note also that A © Ag = Ag © Ag'^ = Im tp © Ag. 
Thus we have 

Imip < anuA+AgiA) < Imip © Ag. 

By Dedekind law, annA+Ag{A) = Imip + {annA+Ag{A) n Ag). Since {x,yg) = 
— ^{x,y), annA+Ag{A) Pi Ag = and we have Irmp = annA+Ag{A) as desired. □ 

Lemma 3.3. Suppose that A,B are lattices, where A = A2. The minimal vectors 
of A® B are just u® z, where u is a minimal vector of A and z is a minimal vector 
ofB. 

Proof. Let u be a minimal vector of A. The minimal vectors of Zu © B have the 
above shape. Let u' span annA{u). Then {u' ,u') = 6 and 1^4 : Zn + 'Lu'\ = 2. The 
minimal vectors of (Zu _L Zn') © B have the above shape. Now take a vector w in 
A® B\ (Zti _L Zn') © B. It has the form © x + qu' © y, where p,q £ ^ + Z and 
p + q £ Ti. The norm of this vector is therefore 2p^(x,x) + 6q'^{y,y). A necessary 
condition that w he a minimal vector in j4 © i? is that each of x, y be minimal in B 
and p,q £ 

Define v := -\- ^u' . Then u',v forms a basis for A. We have w = u © a; + 
^u' © (y — x). Since w £ A(>i) B, y — x £ 2B. Suppose y — x = 2h. If 6 = 0, done, so 
assume that 6 7^ 0. In case x, y are minimal, {y — x,y — x) = 4(6, b) > 4(x, x) and 
thus — 2(x, y) > 2(x, x). This implies x = —y and then w = — n') © x as required. 
□ 

Notation 3.4. For a lattice L, let Minyec(-L) be the set of minimal vectors. 

Lemma 3.5. We use the notations of i3.3\) . If B is a root lattice of an indecompos- 
able root system and rank{B) > 3, the only sublattices of A®B which are isometric 
to ^/2B are the u0 B, for u a minimal vector of A. 

Proof. Let be a sublattice of j4 © so that S = \f2B. Then S is spanned 
by MmFec(5), which by ()3.3p equals M„ U U M^, where u,v,w are pairwise 
nonproportional minimal vectors of A which sum to and where Mf := (t © 5) H 
MinVec{S), for t = u,v,w. Note that (u,v) = {v,w) = {w,u) = —1. 
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We suppose that and are nonempty and seek a contradiction. Take 
b,b' e B so that u(^b G Mu,v®b' G M^. Then {u®b,v®b') = {u,v){b,b') = -{b,b'). 
Since S is doubly even, all such (6, 6') are even. 

We claim that all such (6, b') are 0. 

Assume that some such (6, b') ^ 0. Then, since 6, 6' are roots, (b, b') is ±2 and 
b = ±6'. Then u®b,v®b^ S, whence w fSi b £ S . In other words, A<^b < S. 

Since rank{S) = rank{B) > 3, S" properly contains ^4 (g) 6. Since S" is generated 
by its minimal vectors and the root system for B is connected, S contains some 
t d where d £ MinVec{B) and (d, 6) / 0. It follows that {d,b) = ±1. Take 
t' G Minyec(^) so that {t, t') = ±1. Then {t ^d,t' (g)b) = ±1, whereas S is doubly 
even, a contradiction. The claim follows. 

The claim implies that M„ and M„ are orthogonal. Similarly, M^, M^, are 
pairwise orthogonal, and at least two of these are nonempty. Since MinVec{S) is 
the disjoint union of M^, My, My^, we have a contradiction to indecomposability of 
the root system for B. □ 

4 Uniqueness 

Theorem 4.1. Suppose that L is a free abelian group and that Li is a subgroup of 
finite index. Suppose that f : Li x Li ^ K is a K -valued bilinear form, where K is 
an abelian group so that multiplication by \L : Li\ is an invertible map on K . Then 
f extends uniquely to a K -valued bilinear form L x L ^ K . 

Proof. Our statements about bilinear forms are equivalent to statements about 
linear maps on tensor products. We define A := Li<^ Li, B := L®L and C := B/A. 
Then C is finite and is annihilated by \L : -Lip. Prom ^ A ^ B ^ C ^ 0, we 
get the long exact sequence — > Hom{C, K) Hom{B, K) Hom{A,K) — > 
Ext^{C, K) Each of the terms Hom{C, K) and Ext^{C, K) are because 

they are annihilated by |C| and multiplication by |C| on is an automorphism. It 
follows that the restriction map from B to A gives an isomorphism Hom{B, K) = 
Hom{A,K). □ 

Remark 4.2. We shall apply ()4.1|) to L = M + when we determine sufficient 
information about a pairing Mi x Ni ^ Q, where Mi is a finite index sublattice 
of M and A^i is a finite index sublattice of A^. The pairings M x M ^ Q and 
A^ X A^ ^ Q are given by the hypotheses M = N = EEs, so in the notation of (jiTT]) 
we take Li = Mi + A^i. 

Remark 4.3. We can determine all the lattices in the main theorem by explicit 
glueing. However, it is difficult to prove the rootless property in some of those cases. 
In Appendix F, we shall show that all the lattices in Table 1 can be embedded into 
the Leech lattice except DIHi[lf)). The rootless property follows since the Leech 
lattice has no roots. The proof that DIH4^{15) is rootless will be included at the 
end of Subsection 15.11 
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5 DIH4 and DIHg theories 



5.1 DIH4: When is M + iV rootless? 

Notation 5.1. Let M,N be £^£^8 lattices such that the dihedral group D := 
{tM-,tN) has order 4. Define F := M H N, P := annM{F) and Q := annj\f{F). 

Remark 5.2. Since tM and tjv/ commute, D fixes each of F, M, N, annM{F), 
annN{F). Each of these may be interpreted as eigenlattices since Im and tM have 
common negated space F, zero common fixed space, and tM,tN are respectively 
— 1, 1 on annM{F) and tM,tN are respectively 1, —1 on ann]\f{F). Since L = M+N, 
D has only as the fixed point sublattice (cf. (|2.10p ). Therefore, the elementary 
abelian group D has total eigenlattice F _L annM{F) _L annN{F). Each of these 
summands is RSSD as a sublattice of L, by (12. Sp . It follows that {M Ci N) is 

an RSSD sublattice in -^M and in -^N. Since = -^N = Eg, we have that 

-^{MnN) is an SSD sublattice in -^M and in -j^N (cf. (lOl ). 

Proposition 5.3. If M + N is rootless, F is one of 0, AAi,AAi _L AAi,DD4. 
Such sublattices in M are unique up to the action of 0{M). 

Proof. This can be decided by looking at cosets of P+Q+F in M+N . A glue vector 
will have nontrivial projection to two or three of span]g(P), spanig((5), span]g(F). 
Since F is a direct summand of M by (jA.lOh and -^F is an SSD by (j5.2|) . we have 

-^F ^ 0,Ai,Ai ± Ai,Ai ± ± Ai,Ai +A1+A1 + Ai,D4,D^ ± Ai,D^,Ej 
and E^ by ()D.2p . If -^F = £§, then tM = ^A^ and D := {tM^tj^) is only a cyclic 
group of order 2. Hence, we can eliminate = 

Now we shall note that in each of these cases, F + P contains a sublattice 
A = AA\ such that Ff^A = AA\ and ^ n P = AA\~^ , where k = rank F. We use 
an orthogonal basis of A to identify M/A with a code. Since M = EEg, this code is 
the Hamming [8, 4, 4] binary code Hg. Let ip : M/A be such an identification. 

Then (p{{F _L P)/A) is a linear subcode of Hg. 

Next, we shall show that ^-^F^ contains a vector v of norm 3/2 if -^F = 
Ai ±Ai ± Ai,Ai _L ^1 _L ^1 _L Ai,D4 ± Ai,De or E7. 

Recall that if Ai = Za, {a, a) = 2, then A* = ^Zq and G A^ has norm ^. 
Since {Af'^)* = {A^)-^'^, {Af'')* contains a vector of norm 3/2 if /c > 3. 

We use the standard model 

F)n = {{xi,X2, ■ ■ ■ ,Xn) G Z"| xi H h x„ = mod 2}. 

Then G and its norm is Therefore, there exists vectors of norm 

3/2 in (D4 -L ^1)* = Dl±Al and D^. Finally, we recall that E^/Er = Z2 and the 
non-trivial coset is represented by a vector of norm 3/2. 

Now suppose -^F ^ Ai _L Ai _L Ai,Ai _L ^1 _L Ai _L ^1,1)4 -L Ai,De or £7 
and let 7 G 2F* be a vector of norm 3. Since F n A = AA\, F n ^4 has a basis 
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{«!, . . . , Ok} such that (oj, aj) = 4(5jj. Then 

1 ^ 

2F* < 2{F n Af = span^l- ^ ajOil G Z}. 

Thus, by replacing some basis vectors by their negatives, we have 7 = \{ai^ +Oii^ + 
043) for some 1 < ii, ^2, ^3 < ^• 

Since the image of the natural map M — > T>{F) is 2T>{F), there exists a vector 
u G M such that the projection of u to span]R(F) is 7. 

Now consider the image of n + ^ in Hs and study the projection of the codeword 
ip{u + A) to the first k coordinates. Since 7 = ^{ai^ + + ajg), the projection of 
(p{u + A) to the first k coordinates has weight 3. 

If A; = rankF > 4, then the projection of (!,••• , 1) to the first k coordinates 
has weight k > A. Thus, (p{u + A) 7^ (1, . . . , 1) and hence (p{u + A) has weight 4 
since (p{u + A) G . 

If = 3, then F ^ AA\ and P ^ AAi _L DD^. Let K ^ LlL>4 be an orthogonal 
direct summand of P and let Za = annp{K) = AAi. Note that F _L Za < 
annpfiK) = DD4 and F = Zai _L Za2 -L Zaa. Thus, ^(ai + 02 + 03 + 0) = 
^(7 + a) G annM{K) < M and it has norm 4. Therefore, we may assume (p{u + A) 
has weight 4 and u is a norm 4 vector. 

Similarly, there exists a norm 4 vector w £ N such that the projection of w in 
spanjg(F) is also 7. Then u — wGL = M + N but {u,w) = (7,7) = 3 and hence 
ti — G L is a root, which contradicts the rootless property of L. Therefore, only 
the remaining cases occur, i.e., F = 0, AAi, AAi _L AAi, DD4. □ 



Table 5: DIH4: Rootless cases 



MnN 


P = Q 


dim{M + N) 


Isometry type of L 





EE^ 


16 


= EE^ _L EEg 


DD4 


DDi 


12 


> DDi ± DD^ ± DDi 


AAi 


EEj 


15 


> AAi ± EEr ± EE7 


AAi ± AAi 


DD, 


14 


> AAi ± AAi ± ± I^/^e 



Remark 5.4. Except for the case F = Ad f] N = AAi, we shall show in Appendix 
F that all cases in Proposition 15.31 occur inside the Leech lattice A . The rootless 
property of L = M + then follows from the rootless property of A. The rootless 
property for the case F = M Ci N = AAi will be shown in the next proposition. 

Proposition 5.5. [Rootless property for DIH4^{15)] If F = M f] N = AAi, then 
P^Q^ EE7 and L = M + N is rootless. 

Proof. We shall use the standard model for the lattice Ej, i.e., 
Er = |(xi,...,X8) G Z' 



all Xj G Z or all Xj G 2 + ^ 
and xi + ■ ■ ■ + xs = 
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The dual lattice is = Ej U + Ej), where 7 = ^(l, 1, 1, 1, 1, 1, -3, -3). RecaU 
that the minimal weight of E^ is 3/2 [CSl p. 125]. 

li F = M\^N = AAi = Za, then it is clear that P ^ Q ^ EEj. In this case, 
M = span^l-F + P, la + ^m} and N = span^jF + Q, la + .^at} for some £ P* 
and iN G <3* with iCM,(.M) = i^N,(,N) = 3. Therefore, 

L = M + N = span^{F + P + Q, la + Cm, \oi + Ctv}- 

Take (5 L = M + N . li (3 ^ F + P + Q, then /3) > 4. Otherwise, /? will have 
nontrivial projection to two or three of span]g(P), spanjg((5), span]g(F). Now note 
that the projection of L onto span]g(P) is span^jP, ^m} — V^E^ and the projection 
of L onto span]g((5) is span^lQj^Ar} = y^-Ey- Both of them have minimal norm 3. 
On the other hand, the projection of L onto span][5(P) is Z^a, which has minimal 
norm 1. Therefore, /3) > 1 + 3 = 4 and so L is rootless. □ 

5.2 DIH^ 

Notation 5.6. Let t := t^^u := tj\f, and g := tu, which has order 4. Define 
z := 5^, t' := tz and u' := uz. We define F := KerL{z — 1) and J := KerL{z + 1). 

By Lemma |A.6| L/[F 1. J) is an elementary abelian 2-group of rank at most 
min{rank{F),rank{J)}. We have two systems {M,t, Mg,t') and {N,u,Ng,u') for 
which the DIH/^ analysis applies. 

Notation 5.7. If X is one of M,N, we denote by Lx, Jx, Fx the lattices L := 
X + Xg, J, F associated to the pair X, Xg, denoted "M" and "iV" in the DIH4^ 
section. 

5.2.1 DIHs: What is F? 
We now determine F. 

Remark 5.8. It will turn out that the two systems (M, t, Mg, t') and {N, u, Ng, u') 
have the same DIH4 types (cf. Table [5l). Also, we shall prove that rank{Fx) 
determines Fx, hence also determines Jx, for X = M, N. 

Lemma 5.9. Let f = g or g^^ . Then (i) As endomorphisms of J, = —1, 
if - 1)2 = -2/. For x,yeJ, {x{f - l),y{f - 1)) = 2(x, y). 

(ii) (M n J, (M n J)/) = and {N n J, (iV n J)f) = 0. 

(in) For x,y £ M or x,y £ N, (x, y{f — 1)) = — (x, y). 

Proof, (i) As endomorphisms of J, (/ — 1)^ = — 2/ + 1 = —2/. 

(ii) We take x,y € M Ci J (the argument for x,y £ N f] J is similar). 

We have (x, yf) = {xt, yft) = {-x, ytf~^) = (-x, -yfz) = (-x, yf) = -(x, y/), 
whence (x, yf) = 0. 

(iii) We have (x,y(/ - 1)) = (x,y/) - (x,y) = -(x,y). □ 
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Lemma 5.10. (i) /n Q ® End{J), {g^^ - iy^t{g-^ -l)=u. 

(ii) (M n J){g-^ -1) <NnJ and{Nn J)2{g-^ - 1)"^ < M n J. 
(in) rank{M n J) = rank{N n J). 
(iv) rank{FM) = rank{F]\f). 

Proof. We use the property that g~^ acts as —g on Q® J. We also abuse notation 
by identifying elements of Q[D] with their images in End{Q i® J)- For example, 
{g~^ — 1) is not an invertible element of Q[-D], though its image in End{Q J) is 
invertible. 

For (i), observe that {g~^ — 1)^ = —2g~^, so that g~^ — 1 maps J to J and has 
zero kernel. Secondly, 2{g~^ — 1)^^ maps J to J and has zero kernel. 

The equation (g~^ — l)^^t{g^^ — 1) = uin Qi^End{J) is equivalent to t{g~^ — l) = 
(g^^ — l)u which is the same as {g—l)t = {g~^ — l)u or tut—t = —gu—u = —tuu—u = 
—t — u, which is true since tut = —u. 

The statement (ii) follows since in a linear representation of a group, a group 
element which conjugates one element to a second one maps the eigenspaces of the 
two elements correspondingly. Here, this means g~^ — 1 conjugates t to u, so that 
g~^-l mapsQ®(MnJ) toQ®(iVn J). Since g ^ — 1 maps J into J (though not 
onto J), g~^ — 1 maps the direct summand M n J into the direct summand N Ci J. 

For (iii) , observe that we have monomorphisms MnJ— >A^nJ— >AfnJ and 
A^n J ^ Mn J ^ iVn J by use of - 1 and 2{g-^ - 1)-^. Therefore, (iv) follows 
from (iii). □ 

Lemma 5.11. Suppose that det{J D M)det{J n N) is the square of an integer 
(equivalently, that det{FM)det{F]\f) is the square of an integer). Then rank{J n 
M) = rank{J R A^) is even. 

Proof. Note that rank{M f] J) = rank{N n J) by ([5J0]) . Let d := det{J n M) 
and e := det{J D N) and let r be the common rank of M D J and N CiJ. First note 
that (Mn J){g~^ — 1) has determinant 2^'d and second note that (Mn J){g~^ — 1) 
has finite index, say A;, in n J. It follows that 2'^d = k'^e. By hypothesis, de is a 
perfect square. Consequently, r is even. □ 

Corollary 5.12. rank{FM) = rank[FN) is even. 

Proof. We have rank{F) + rank{M n J) = rank{M) = 8 and similarly for A^. 
Since rank Fm = rankF^, we have Fm = -^at by (|5.3p and hence detFMdetFj\f = 
{detEM^ is a square. Now use (|5.1ip . □ 

Proposition 5.13. If L = M + N is rootless, then Em = En = ^,AAi _L AAi or 
DD4. Moreover, MnJ = NnJ. 

Proof. Since by (I5.12p . rank{EM) = rank{EN) is even. Proposition 15.31 implies 
that Em — E^ = 0,AAi _L AAi or DD4. It is well-known that there is one orbit 
of 0{Es) on the family of sublattices which have a given one of the latter isometry 
types. It follows that M n J = annMiEu) = annN{EN) = NnJ. □ 
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5.2.2 DIHg: Given that F = 0, what is J? 



By Proposition EH when L is rootless, Fm = = ^,AAi _L AAi or 1)1)4. We 
now consider each case for Fm and F/v and determine the possible pairs M, A^. The 
conclusions are listed in Table O 



Table 6: DIHg which contains a rootless DIH4 lattice 



Fm — Fj\[ 


Fm n -Ftv 


rankiM + A^) 


M + N 
integral? roots ? 


Isometry type 
if rootless 








16 


rootless 


= BWr, 







16 


non-integral 




AAf-' 


AAi 


15 


non-integral 




AAi'' 


AAi'' 


14 


non-integral 




AAi'' 


2Ai 


15 


has roots 




DDi 





16 


rootless 


> DDi'' ± EEs 


DD4 


AAi 


15 


rootless 


> AAi^ ± EEs 


DDi 


2Ai 


15 


non-integral 




DDi 


AAi'' 


14 


has roots 




DDi 


AAi ± 2Ai 


14 


non-integral 




DDi 


AAi'' 


13 


has roots 




DD4 


AA; 


13 


non-integral 




DD^ 


DD4 


12 


has roots 





Proposition 5.14. If Fm = -^at = 0, then L = M + N is isometric to the Barnes- 
Wall lattice BWiQ. 

Proof. The sublattice M' := Mt^ is the 1-eigenspace for tM and so M+M' = M 1. 
M'. Consider how N embeds in {M+M')* = i(M + M'). Let x £ N\{M + M') and 
let y G ^M, y' E ^M' so that x = y + y'- We may replace y, y' by members of y + M 
and y' + M' , respectively, which have least norm. Both y,y' are nonzero. Their 
norms are therefore one of 1, 2, by a property of the E'g-lcittice. Since {x,x) > 4, y 
and y' each has norm 2. It follows that the image of in T>{AI) is totally singular in 
the sense that all norms of representing vectors in M* are integers. A similar thing 
is true for the image of A^ in 'D(M'). It follows that these images are elementary 
abelian groups which have ranks at most 4. On the other hand, diagonal elements 
of the orthogonal direct sum M _L M' have norms at least 8, which means that 
Nn{M + M') contains no vectors in A^ of norm 4. Therefore, Ar/(A^ r\{M + M')) is 
elementary abelian of rank at least 4. These two inequalities imply that the rank is 
4. The action of t^ on this quotient is trivial. We may therefore use the uniqueness 
theorem of [GrBWY] to prove that M -|- A^ is isometric to the Barnes- Wall lattice 
BWiQ. □ 
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5.2.3 DIH^: Given that F = AAi ± AAi, what is J? 

Proposition 5.15. If Fm — Ff^f = AA\ _L AA\, M + N is non-integral or has a 
root. 

Proof. If Fm = Fn ^ AAi _L AAi, then MnJ^NnJ^ DDq. We shall first 
determine the structure M f] J + N f] J . 

Let h = g^^. Then, by Lemma 15.101 we have (M n J)(/i — 1) < N n J. Since 
(M n J, (M n J)h) = 0, (M n J){h - l) ^ 2D6 and det{{M n J)(/i - 1)) = 28. 
Therefore, \N n J : {M n J){h - l)\ = (2™"fc^nJ)i/2 ^ 

Let K = (M n J)(/i — 1). Then, by (|D.4h . there exists a subset {rji, . . . ,7/5} C 
N n J with {r]i,rij) = 45ij such that 

K = span^{{r]i±rij)\i,j = 1,2,...,6} 

and 

NnJ = span^; |r?i,?72,^/4,%, + f?2 - % + ??4), ^{-Vs + Va - V5 + m] 

By computing the Gram matrix, it is easy to show that {r]i +r/2, —rji +??2) — f?2 + 
— % + ^4) —^4 + %i — ^75 + forms a basis of = (M n J)(/i — 1) = 2Z?6. Now 

let 

ai = (m + ^2)(/i - 1)~\ 02 = (-m + ^2)(/i - 1)"\ "3 = (-??2 + %)(/!- 1)"^ 
"4 = (-% + ??4)(/i - 1)"\ as = (-??4 + ??5)(/i- 1)"\ ae = (-??5 + 1)~^. 

Then {ai, 02, 03, 04, 05, oe} is a basis of M n J. Moreover, (ai, 02) = 0, (ai, 03) = 
-2, (oj, aj+i) = -2 for z = 2, . . . , 5. 

By the definition, we have ??2 = — + ct2){h — 1), (— ??i + ??2 — ??3 + f/4) = 
(02 + aA){h - 1) and (-773 + 7^4 - % + r^g) = (04 + aQ){h - 1). Hence, 

iV n J = span^ |k, ^(ai + a2)(/i - 1), ^(02 + a4)(/i - 1), ^("4 + OiQ){h - V 

Since M ^ £;£'8, c/ei(M) = 2^ and \M/{Fm + M n J)| = 2^. Note that M, Fm 
and M n J are all doubly even. Recall that DI/Dq = Z2 x Z2. Since M n J is a 
direct summand of M, the natural map A=M (M n J)) is onto. Similarly, 

the natural map ■:j^M — > F>{^ {Fm)) is also onto. 

Define H := Fm n Fn- Let i^x := annp^iH), for X = M,A^. Since H 
is the negated sublattice of the involution t^v on Fm, H is isometric to either 
0, ^^1, _L AAi or 2Ai since Fm and -F/v are rectangular. 

Let {om, a\,[] and {a\;, a^} be bases of Fm and Fjv such that (a^j Q^m) = 
and (a^, a]^) = 4(5ij. Since \M : Fm + M n J| = 2^ and the natural map — > 
V{A=Fm) is onto, there exist (3^ £ {M n J)*, (3'^ G (M n J)* so that 

1 1 

^Af = + and Cm =-^aM + 



15 



are glue vectors and the cosets (Z?"*^ + {M ^ J)) -i:^ (Z?^ + ^ J)) generate the 
abehan group (M n J)^ /-ij (Af n J) = Z2©Z2. Since M is spanned by norm 



4 vectors, we may also assume that and Cm both have norm 4 and thus /3i and 
/32 have norm 3. 

Recall that a standard basis for the root lattice Dq is given by {(1, 1,0,0,0,0), 
(-1,1,0,0,0,0), (0,-1,1,0,0,0), (0,0,-1,1,0,0), (0,0,0,-1,1,0), (0,0,0,0,-1,1)} 
and the elements of norm 3/2 in {Dq)* have the form ^(±1, • • • , ±1) with evenly 
many — signs or ^(±1, . . . , ±1) with oddly many — signs (cf. [CSl Chapter 5]). 
They are contained in two distinct cosets of {Dq)* /Dq. Note that (Dq)* /Dq have 3 
nontrivial cosets and their elements have norm 3/2, 3/2, and 1 modulo 2Z, respec- 
tively. 

Now define (f> : Dq ^ M D J hy 

(1,1,0,0,0,0) ^ai, (-1,1,0,0,0,0)^02, (0,-1,1,0,0,0)^03 
(0,0,-1,1,0,0)^04, (0,0,0,-1,1,0)^05, (0,0,0,0,-1,1)^06. 

A comparison of Gram matrices shows that cj) is \/2 times an isometry. Since 
^(— 1, 1, —1, 1, —1, 1) and ^(1, 1, —1, 1, —1, 1) are the representatives of the two cosets 
of (Dq)* /Dq represented by norm 3/2 vectors, by (jA.Sp . 

1, A 1, 

2(-l' 1' -1' 1' 1) j = 2 ("2 + a4 + ae) 

and 

^(1, 1, -1, 1, -1, 1)^ = ^(ai + "4 + oq) 

are the representatives of the two cosets of 2{M n J)* /{M n J) represented by norm 
3 vectors. Therefore, without loss, we may assume 

1 1 

= {-(o2 + 04 + oe), -(01 + 04 + oe)}. 

Similarly, there exist 7-*^, 7^ e {N n J)* with (7^,7^) = (7^,7^) = 3 such that 
CAf = ^"]v + 7\ and = io^ + 7^ 

are glue vectors and = span^jF/v + N n J, ^n, Cn}- Moreover, (7^ + N n j), 
-Ij (72 + A^ n J) generate the group [N n J)^ /^ (A^ n J). 

We shall prove that (/3,7) = ^{mod Z), resulting in a contradiction. 
Define (p : Dq ^ N D J hy 

(1,1,0,0,0,0) ^r/i, (-1,1,0,0,0,0) ^r?2, 

(0,-1,1,0,0,0) ^ l(r/i+r/2+r/3 + r/4), (0, 0, -1, 1, 0, 0) ^ 774, 

(0,0,0,-1,1,0) ^ li-V3 + Vi-V5 + V<i), (0,0,0,0,-1,1) ^7?6. 
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By comparing the Gram matrices, it is easy to show that (/? is a \/2 times an 
isometry. Thus, we may choose 7^,7^ such that 

{V ,7'} = \^f Q(-i, 1, -1, 1, -1, 1)) , <p 1, -1, 1, -1, 1; 

= l^fe +??4 + ??6),^(?yi +??4 + r/6)| • 

By the definition of ai, . . . ,aQ, we have 

Vi = ^("1 - «2)(/i - 1), V2 = ^{ai + a2){h - 1), 

114 = [^(ai + 02) + (as + 04)] (/i - 1), 

% = [^("1 + "2) + (0:3 + a4 + "5 + a6)](^ - !)• 

Thus, 

(a2 + "4 + ae, % + + %) = -6 and (02 + 04 + ae, r/i + ??4 + %) = -2. 
Therefore, (/3^7^) = 1/2 mod Z. 

Subcase 1. H = 0,AAi or _L A^i. In this case, we may choose the bases 
{ce\^,a\j} and {a\f,ce%} of Fm and F/v such that (a^,Q;]y) G {0,4}, for ah 
Hence, 

(eM,eJv) = (^aM,^ajv) + (/?\7^) = 1/2 mod Z 

and L = M + N is non-integral. 

Subcase 2. H = 2Ai. Then Hm = Hn = 2Ai, also. By replacing by 
— Q;J^^ and a^y by — for z = 1, 2 if necessary, a]^^ + aj^ = a]^ + aj^ G H. Write 
p := + a\j = aj^ + a^. Then we calculate the difference of the glue vectors 

11 1 

VM - Cm = ^("if ~ "m) + 2*^"2 + "4 + ae) - 2('^i + "4 + "e) 

= ^P+^(-ai + a2) mod (Fm + MH J). 



Similarly, 



r/iv - Civ = ^(a]v - "at) + ^fe + ??4 + ae) -^im + m + 
= ^P- ^(-m + %) mod (Fat + AT n J). 



Let um = \p + \{—ai + 02) and vn = \p — |(— ^71 + ^2)- Then um and z/jv are 

4 vectors in L. Recall that {—rji + 
(oi, oPj^) = for all j, we have (/?, a^) = for all i. 



both norm 4 vectors in L. Recall that {—rji + r/2) = a2(^ — !)• Since {ai,a'j^ 



11 11 

=7 [(^' Z') ~ + "^2, q;2(^ - 1))] 
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Recall that (a^,a]j^) = 4(5jj and {ai,aj) = ASij for i,j = 1,2. Moreover, {x,yh) = 
for all x,y e MnJhy (ii) of Thus, = (Q]^,^+a|^, a]^^+a|^) = 4+4 = 8 

and (-ai + a2,a2{h - 1)) = (-ai + a2, -02) = -4. 

Therefore, {um, ^n) = 5(8 — (—4)) = 3 and hence vm — i^at is a root in L. □ 

5.2.4 DIHs: Given that Fm = Fn = DD4, what is J? 

Next we shall consider the case Fm — Fjsr = DD4^. In this case, MnJ = NnJ = 
DD4. 

Notation 5.16. Let {ai, 02, as, 04} C M n J such that {ai,aj) = 45jj,z,j = 
1, 2, 3, 4. Then M n J = span^{ai, 02,03, ^(ai + 02 + 0:3 + 04)}. In this case, the 
norm 8 elements of M H J are given by itaj it a-,- for i ^ j. 

Lemma 5.17. Let h = g^^ . By rearranging the subscripts if necessary, we have 

NnJ = span2{(M n J)(/i - 1), ^{ai + a2){h - 1), ^{ai + a3){h - 1)}. 

Proof. Let K := (Mn J)(/i- 1). Then by (ii) of Lemma[5T0l we have K < NnJ. 
Since (M n J, (M n J)/i) = by ([53]), = (M n J)(/i - 1) ^ 2D4. Therefore, by 
dEH), we have < iV n J < ^K. 

Note that, by determinants, |A^n J : K\ = \p2^ = 2^. Therefore, there exists two 
glue vectors Pi, (52 ^ {N <r^ J)\K such that N^^J = span2{(M nJ){h- l),Pi,P2}- 

Since K has minimal norm 8 and A^H J is generated by norm 4 elements, we may 
choose Pi,P2 such that both are of norm 4. On the other hand, elements of norm 4 
in A^n J are given by ^7(/i — 1), where 7 G Mn J with norm 8, i.e., 7 = itajibaj for 
somez ^ j. Since ai(/i-l),a2(/i-l),a3(/i-l),a4(/i-l) G {MnJ){h-l) < NnJ, 
we may assume 

1 1 
A = 2("« + ~ ■*■) P2 = -^{ak + ai){h - I) 

for some i,j,k,l £ {1,2,3,4}. Note that \{i,j} n{k,i}\ = 1 because Pi + P2 ^ K. 
Therefore, by rearranging the indices if necessary, we may assume Pi = \{ai + 
a2){h - l),P2 = \{oLi + a3)(/i - 1) and 

Nr\J = span2{(M n J){h - 1), ^(ai + a2){h - 1), ^(ai + a3)(/i - 1)}. 
as desired. □ 

Proposition 5.18. If Fm = Fn = DD^, then MnJ + NnJ = EEs- 

Proof. First we shah note that (M n J) + (M n J)(/i - 1) = (M n J) _L (M n J)h ^ 
DD4^ _L DD4^. Moreover, we have \N n J + M n J : (M n J) + (M n J)(/i - 1)| = 
|iV n J : {M n J){h - 1)\ = y^(28-4)/(24 -4) = 4, by determinants. Therefore, 
dei(M n J + TV n J) = (2^ • 4)2/4^ = 2^. 
Now by (j5.17p . we have 

NnJ = span2{(M n J){h - 1), + a2)(/i - 1), J(ai + a3)(/i - 1)}. 



18 



Next we shall show that (Af n J, iV n J) C TL. Since (M n J, (M n J)h)) =0 and 
M n J is doubly even, it is clear that (M n J, (M n J)(/i - 1)) C 2Z. Moreover, for 
any i,j E {l,2,3,4},i / j, 

1, ^ w, Jo ifA:^{i,j}, 

a„-ia. + a,)ih-l))=^_^ if 

and 

Q(qi + a2 + as + 04), ^{ai + aj){h - 1)^ = -2. 

Since Mn J is spanned by ai, 03 and ^(ai+a2+a3+a4) and A^n J = span^KMn 
J){h - 1), i(ai + a2)ih - 1), i(ai + a3){h - 1)}, we have {M r\J,Nr\J) C 2Z as 
required. Therefore, (M n J + n J) is an integral lattice and has determinant 
1 and thus MnJ + NnJ = EE^ , by the classification of unimodular even lattices 
of rank 8. □ 

Lemma 5.19. Let 01,02,03,04 G M f] J be as in Notation \5.16[ Then 
{M n J)* = -span^ {ai — 02, oi + 0^2, oi + as, ai + on} ■ 

and 

{N n J)* = ^span^ |ai(/i - l),a2{h - 1), a3(/i - 1), ^(oi + 02 + 03 + a4)(/i - 1 
Proof. Since (Za^)* = jZoi and n J = span^joi, 02, 03, ^(^i + 02 + 03 + 04)} 

(Mn J)* 

Oi G Q, (/?, 7) G Z for all 7 G M n J 



/? = -(aioi + 0202 + a3a3 + 0404) 



-(aioi + 0202 + 0303 + 0404) 



G Z and ^ G 2Z, i = 1, 2, 3, 4 



1=1 



1 

=-span2 joi — 02, cti + "2, oi + 03, "3 + 04} • 
Now by (j5.17p . we have 

NnJ = span^ |(M n J){h - 1), ^(oi + a2)ih - 1), ^(oi + a3){h - 1)| . 

Let /3i = ^{ai + a2){h-l), P2 = ^{ai - a2){h - 1), (3^ = ^(03 + a4)(/i - 1), and 
P4 = ^(03 — 04) (/i — 1). Then {Pi, P2, Ps, /34} forms an orthogonal subset of n J 
with {Pi,pj) = 4(5ij. Note that + P2 + Ps + Pa) = ^{ai + ai){h - 1) G iV n J. 
Thus, N n J = span^l/?!, /32, /33, + P2 + P3 + Pa)} since both of them are 
isomorphic to DD^. Hence we have 

(AT n jy = ^span^ {pi - p2,Pi + P2,Pi + P3,P3 + Pa} 

= ^span^ |ai(/i - 1), a2(/i - 1), a^ih - 1), ^(oi + 02 + 03 + a4)(/i ~ ^)| • 
as desired. □ 
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Lemma 5.20. We shall use the same notation as in 115. 16\) . Then the cosets of 
2(M n J)*/{M n J) are represented by 

0, ^(ai+a2), ^(ai+aa), ^("2 + 03), 
and the cosets of 2{N n J)* /{N n J) are represented by 

0, ^ai{h-l), ^{ai + 02 + as + a4){h - 1), ^{ai + a2 + as - a4){h - 1). 
Moreover, (2(M n J)*,2{N n J)*) C Z. 

Proof. Since X := M D J = it is clear that 2X*/X is a four-group. The 

three nonzero vectors in the hst 

0, ^(01 + 02), ^(01+03), ^(02+03), 

have norms two, so all are in 2X* \ X. Since the difference of any two has norm 2, 
no two are congruent modulo X. A similar argument proves the second statement. 

For the third statement, we calculate the following inner products. 

For any i,j, k G {1, 2, 3, 4} with i 7^ j, 



{ai ± aj,ak{h - 1)) 

and 



iik^{i,j}, 
±4 iik£{i,j}, 



(ui ± aj, -{ai + 02 + 03 + a4){h — 1)) = or — 4. 



1 

2' 

Since (M n J)* = ^span^ {ai — 02, ai + 02, oi + 03, «i + 04} and {N n J)* = 
ispan^ {ai(/i - 1), a2(^ — 1), as{h — 1), + 02 + 03 + a4){h — 1)} by (|5.19p . we 
have ((M n J)*, {N n J)*) C and hence (2(M n J)*,2{N n J)*) C Z as desired. 
□ 

Remark 5.21. Note that the lattice -D4 is BW22, so the involutions in its isometry 
group BRW~^{2'^) = Weyl{F4) may be deduced from the theory in [GrlBWl] . 
especially Lemma 9.14 (with d = 2). The results are in Table dT]). 

Notation 5.22. Define H := Fm n Fn and let Hx ■= armpxiH) for X = M,N. 
Since H is the negated sublattice of the involution tjv on F^, we have the possibil- 
ities listed in Table [71 We label the case for -^H hy the corresponding involution 

v2 

2A, • • • , 2G. (i.e., the involution whose negated space is '^H) 

We shall prove the main result of this section. Theorem 15.261 in several steps. 

Lemma 5.23. Suppose Fm = Fn ^ DD4. If -j^H ^ AAi,Ai _L AAi or A3 (i.e., 

the cases for 2B, 2D and 2F), then the lattice L is non-integral. 
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Table 7: The seven conjugacy classes of involutions in BRW^{2'^) = Weyl^F^) 



Involution 


Multiplicity of -1 


Isometry type of 
negated sublattice 


2A 


1 


Ai 


2B 


1 


AAi 


2C 


2 


Ai^Ar 


2D 


2 


Ai ± AAi 


2E 


3 


Ai ± Ai ± Ai 


2F 


3 


A; 


2G 


4 


Da 



Proof. We shall divide tiie proof into 3 cases. Recall notations (j5.22p . 

Case 2B. In this case, -^H ^ AAi and -^^Hm = -^Hn = ^3. Then Fm > 
H ± Hm 3.nd M > H ± Hm ±MnJ. 

Let ae H with (a, a) = 8. Then H = Za and H* = \%a. 

By (lAll), we have {A^Fm)*/^Fm = 2{Fm)*/Fm. Thus, by ([EM]), the natural 
map 2{Fm)* —>■ 2{H*) = jZa is onto. Therefore, there exists Sm G -f^M with 
{Sm,Sm) = 3/2 such that + 6m S 2(Fm)*. Note that the natural map 
'D{-^Fm) is also onto since -^M is unimodular and Fm is a direct summand of 
M. Therefore, there exists jm G 2(M n J)* with (7Af,7Af) = 2 such that 

is a glue vector for H _L //a/ _L M n J in M. Similarly, there exists 5^ G -ff^y with 
(5Ar,(^Ar) = 3/2 and -fN G 2(iVn J)* with (7Ar,7Ar) = 2 such that 

t,N = + On + IN 

is a glue vector for H ± A^jv -L iV n J in A^. 

Since {'^m,1n) G Z by (|5.2U|) and ffA/ -L H^, 

{^m,^n) = :i^(a,a) + {hi,6N) + (7A/,7Af) = 7; mod Z, 
lb 2 

which is not an integer. 

Case 2D. In this case, -^H ^ Ai ± AAi and -^Hm = -^H^ = ^1 -L AAi, 
also. Take a, (3 G H such that (q, a) = 8, /3) = 4 and (a, /3) = 0. Similarly, there 
exist aM,PM £ Hm and aN,PN G -f^TV such that (aM,aA^) = 8, {13m, Pm) = 4 and 
{aM,PM) = and (aAr,aAr) = 8, {f3N,PN) = 4 and (aN,(3N) = 0. 

Note that Zf3 _L Z/Ja/ ± Zoa/ < ann_Fj,,^(a) = ^^3. Set A := annpMi'^) — 
AA3. Then \A : Zf3 ± Z/3m -L Zoa/I = V(4 x 4 x 8)/(23 x 4) = 2. Therefore, 
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there exists a ^ G (Z/3 ± I^Pm -L ^OAf)* = 5^/? -L j'^Pm -L \'^olm such that 
A = span^l/?, /^Af ; «Af ) A*} and 2^ G Z/? ± Z/^Af -L '^cum- 

Since A is generated by norm 4 vectors, we may choose ji so that ^ has norm 4. 
The only possibihty is /x = ^(±/3±/3M±aM)- Therefore, A = span^j/?, /^m , ctAf, 
/Jm+oa-/)} and 2^4*/^ = Z4 is generated by ^P+jUm+A. Note also that ^P+jUm 
has norm 3/2. 

Now recaU that Za = 2Ai and A = AA^. Thus, by (|D.26[) . the natural map 
2(Fa^)* ^ 2(iJ*) = iZa is onto. Thus, there exists a S e 2A* with {6, 6) = 3/2 such 
that + (5 E 2(Fm)*. By the previous paragraph, we may assume (5 = ^/3 + ^aM- 
Since the natural map — > V{^Fm) is onto, there exists 7a/ G 2(Mn J)* such 
that 111 

= + -() + -UM + 7A^ 

is a glue vector for _L Hm _L Af n J in M. Similarly, there exists G 2(A^ n J)* 
such that 

= + + + 7Ar 
is a glue vector for H _L /^at -L iV n J in A^. Then 

111 

(CA/,^Ar) = T7:(«'«) + 7(/5'/3) + 77("A./,aAf) + (7Af,7Af) = 1/2 mod Z, 
lb 4 lb 

since (aA^jOAf) = and (7Af,7Af) G Z by (j5.20p . Therefore, L is not integral. 

Case 2F. In this case, -^H ^ ^3 and -^Hm = -^Hn = AA^. Then Fm > 
H ± Hm and F/v > -fT -L -fTiv. Let 5 G oa// G //a/ and aA? G Hn such that 
((5,5) = 3/2, {aM-,oiM) = 8 and {aN,oiN) = 8. 

Recall in Case 2B that -^H ^ AAi and -^^^'a/ = 73 -^A^ - ^3- Now by 
exchanging the role of H with Hm (or H^) and using the same argument as in 
Case 2B, we may show that there exist 7Af G 2(M n J)* and 7Ar G 2(A^ n J)* 
such that = ^ + \oiM + IM is a glue vector for ± //a/ -L M n J in M and 
^AT = (5 + \aN + 7Ar is a glue vector for H ± Hj^ ± (A^ n J) in A^. However, 

Hm, Cn) = (S, 6) + (7Af, 7Ar) = 1/2 mod Z, 

since {'^m,1n) G Z by ()5.20p . Again, L is not integral. □ 

Lemma 5.24. Let 7a/ &e any norm 2 vector in 2(Mn J)*. T/ien /or eac/i non-zero 
cosetjN + iNnJ) in 2{NnJ)* /(NnJ), there exists a norm2 vector j G jN+{NnJ) 
such that (7a/, 7) = — 1- 

Proof. Recall from (j5T9]) that 

2(M n J)* = -span^ {ai — 02, ai + 02, «i + as, as + "4} • 

Thus, all norm 2 vectors in 2(M n J)* have the form ^(±aj ± Oj) for some i 7^ j. 
Without loss, we may assume 7a// = ^(oj + aj) by replacing aj, aj by — Oj, — Oj if 
necessary. 
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Now by (j5.20p . the non-zero cosets of 2(A^ n J)*/{N n J) are represented by 
^ai{h — 1), \{ai + 02 + as + 04) (/i — 1) and j(ai + 02 + 03 — 04) (/i — 1). Moreover, 
by dSIZD, 

NnJ= -span^l (oi ± aj){h - 1) \ 1 < i < j < 4}. 
If + (A^ n J) = iai(/i - 1) + (iV n J), we take 

7 = ^ai{h - 1) = ^ai(/i - 1) + ^(-ai + ai)(/i - 1) G ^ai(/i - 1) + (N n J). 

Recall from (15.161) that {ai, a2, 03, 04} € Mn J and (ai,aj) = Adij for i,j = 
1, . . . , 4. Moreover, (x, y/i) = for all x, y G M n J by ([5^9]) . 

Thus, (7,7) = {^ai{h - l),^ai{h - 1)) = j[{aih,aih) + (aj,ai)] = 2 and 
(7m>7) = (^("j + "i), ^ai(^ - 1)) = -l{ai + aj,ai) = -1. 

If 7Ar + (iV n J) = i(ai + 02 + 03 + a4)(/i - 1) + (A^ n J), we shnply take 
7 = i(ai + 02 + 03 + a4)(/i - !)• Then (7, 7) = 2 and 

(7Af,7) = (^("i + cnj), ^(ai + a2 + as + a4)(/i - 1)) 
= — -{ai + Oj, ai + Q2 + as + 04) 

o 

= -i(4 + 4) = -l. 

Finally we consider the case + NHJ = \{ai +02 + as — 04) (/i — 1) + (NnJ). 
Let {A;,^} = {1,2,3,4} - {i,j} and take 

111 

7 = -(aj + aj + afc - a£)(/i - 1) = -(ai + a2 + 03 - a4)(/i - 1) + -(04 - ae) 

G ^(ai + 02 + as - a4){h - 1) + N f] J. 
Then (7,7) =2 and 

(7M,7) = (^("i + + "j + a/c - a^)(/i - 1)) 

= - ^{ai + aj,ai + aj + a^ - a^) 

o 

= -i(4 + 4) = -l 

as desired. □ 

Lemma 5.25. // -^H ^ Ai ± Ai, Ai ± Ai ± Ai or D4 (i.e., the cases for 2C, 2E 
and 2G ), then the lattice L has roots. 

Proof. We continue to use the notations (j5.22p . First, we shall note that the 
natural maps ^ V{^Fm), ^ (M n J)) and ^ V{^Fn), 

and -^N {N n J)) are all onto. 
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Case 2C. In this case, -^H ^ _L and -^Hm = -^Hn = Ai ^ Ai. Let 
/i^, /x^ be a basis of H such that ji^) = 4:6ij. Let fj.\j and fi]^, fij^ be bases of 
Hm and if at which consist of norm 4 vectors. Then, Fm = span^{ , fi"^ , , + 

+ Mm + /^i/)} and Fat = spang{/i \/z^ ^uj^, ^{^j.^ + //^ + + ^2^)}. Therefore, 
by the same arguments as in Lemma 15.201 the cosets representatives of {2Flj) / Fm 
are given by 

and the cosets representatives of {2F'^)/Fn are given by 

0, ^(^' + /u'), ^(/i' + /i]v), \{^^'' + ^^N)■ 

Therefore, there exist 7^,7!// S (M n J)* so that 

Cm = ^(/ii + ^2) + 7m and Cm = ^(/ii + //m) + 7m, 

are glue vectors for Fm + ( J n M) in M and such that 7]^^ + (M n J), 7|,^ + (M n J) 
generate 2(M n J)*/{M n J). 

Similarly, there exist 7^,7^ € {N n J)* so that 

1 1 

= ^^2) +lN and CiV = --(^1 +m]v) +7Ar, 

are glue vectors for Fiv + iV n J in iV, and such that + {N r\ J), 7^ + (iV n J) 
generate 2{N n J)V(A^ n J). 

By Lemma ()5.24p . we may assume (7jv5 7if) = Then 

(CM,?iv) = (^(^1 +/^2) +7m,-^(/^1 +/^2) +7Af) 
= + (^2,^2)) + (7M,7Ar) 

= -^(4 + 4)-! = -3 

and hence ^a/ + ^at is a root. 

Case 2E. In this case, -^H ^ Ai ± Ai ± Ai and -^i^M = tj^tv = ^i- 
Let ^i,/i25Ai3 G ii be such that {fj.i,fij) = 4(5jj. Let ^a/ G //m and /xat G if at 
be norm 4 vectors. Then = ZfiM and i^Af = Z/^Af- Moreover, 

Fm = span2{^i,/X2,/x3, ^(^ui + /U2 + ^3 + /^m)} = 

and ^ 

Fat = span2{^i,/X2,/i3, -^{fJ-i + Ai2 + Ms + MAf)} = -C>F)4. 

Then, by ()5.20p . + /i2) is in both 2(Fm)* and 2{F]\f)*. Therefore, there exist 
7M G 2(M n J)* and 7Ar G 2(iV n J)* such that 

?M = ^(a*i + /^2) + 7M G M and £.n = -^{iJ-i + IJ-2) + In ^ N 
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are norm 4 glue vectors for Fm -L M n J in M and F/v -L H J in A^, respectively. 
By Lemma ()5.24p . we may assume {jm^In) = —1- Then, 

= - ^{fii + /i2,^i + /i2) + {7m,7n) = -2 - 1 = -3 

and ^jvf + is a root. 

Case 2G. In this case, ■:^H = D4 and -^Hm = '^^n = 0. Recall that 
2{DDi)* /DDi = {DiY/Di by (TO]) and all non-trivial cosets of {Di)*/Di can be 
represented by norm 1 vectors |CS1 p. 117]. Therefore, the non-trivial cosets of 
2(DD4^)* /DD4 can be represented by norm 2 vectors. Thus we can find vectors 
7 G 2H* with (7,7) = 2 and 7m G 2(M n J)*, 7Ar e 2(iV n J)* such that 

■Cm = 7 + 7j\/ S M and Cat = -7 + 7Ar G TV 

are norm 4 glue vectors for Fm -L M n J in M and -F/v -L H J in A^, respectively. 
Again, we may assume (7M,7Af) = —1 by ()5.24p and thus {^m,Cn) = —3 and there 
are roots. □ 

Theorem 5.26. Suppose Fm = F^ = DD4. If L = M + N is integral and rootless, 
then H = FmHFn = or^ AAi. 

The proof of Theorem 15.261 now follows from Lemmas 15.231 and 15.251 

6 DIHq and DIH12 theories 

We shall study the cases when D = {tM,tN) — DihQ or Dihi2. The following is 
our main theorem in this section. We refer to the notation table (Table [3]) for the 
definition of D I Hq{U), DIHq{1%) and DIHuilQ). 

Theorem 6.1. Let L be a rootless integral lattice which is a sum of sublattices M 
and N isometric to EEg. If the associated dihedral group has order 6 or 12, the 
possibilities for L + M + N, M, N are listed in Table 



Table 8: DIH^ and DIH12: Rootless cases 



Name 


F = 


L contains . . . 


with index . . . 


V{L) 




AA2 


>A2^Eq± AA2 


32 


193352 







A2^Es 


1 


38 




AA2 -L AA2 


> ® ^6 ^ AA^^ 


32 


Il2g4 
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6.1 DIH, 



Notation 6.2. Define t := t^, h := tMtN- We suppose h has order 3. Then, 
N = Mg, where g = h?. The third lattice in the orbit of D := is Mg"^, but 

we shah not refer to it exphcitly henceforth. Define F := M D N, J := annL{F). 
Note that F is the common negated lattice for tM and in L, so is the fixed point 
sublattice for g and is a direct summand of L (cf. (|A.10p ). 

Lemma 6.3. Let X = M or N . Two of the suhlattices {{J r\X)g'^\ i £ Z} are equal 
or meet trivially. 

Proof. We may assume X = M. Suppose that O^U = {JnM)g' D {JnM)g^ for 
i,j not congruent modulo 3. Then U is negated by two distinct involutions t^ and 
t^\ hence is centralized by 5, a contradiction. □ 

Lemma 6.4. If F = 0, J = A2®E^. 

Proof. Use □ 

Hypothesis 6.5. We assume F ^ and define the integer s by 3^ := |L/(J + F)\. 

Lemma 6.6. L/{J _L F) is an elementary abelian group, of order 3^ where s < 
^rank{J) . 

Proof. Note that g acts trivially on both F and L/J since L/J embeds in F* . 
Observe that g — 1 induces an embedding L/F J. Furthermore, g — 1 induces an 
embedding L/{J + F) J/ J{g — 1), which is an elementary abelian 3-group whose 
rank is at most ^rank{J) since [g — 1)^ induces the map —3g on J. □ 

Lemma 6.7. s < rank{F) and s G {1,2,3}. 

Proof. If s were 0, L = J + F and M would be orthogonally decomposable, a 
contradiction. Therefore, s > 1. The two natural maps L F)[F) and L — > T){J) 
have common kernel J J- F. Their images are therefore elementary abelian group 
of rank s at most rank[F) and at most rank{J). In (j6.6p . we observed the stronger 
statement that s < ^rank{J). Since rank{J) > 1, 8 = rank{J) + rank{F) > 
rank(J) > 2s implies that s < 3. □ 

Lemma 6.8. M/{{M n J) + -F) = L/{J _L F) is an elementary abelian 3-group of 
order 3^ . 

Proof. The quotient L/{J -\- F) is elementary abelian by (j6.6p . Since L = M -\- N 
and N = Mg, M covers L/L{g - 1). Since L{g - 1) < J , M + J = L Therefore, 
L/{J ±F) ^ {M + J)/{J + F) = {M + {J + F))/{J + F) ^ M/{M n{J + F)). The 
last denominator is (M n J) + F since F < M. □ 

Lemma 6.9. V{F) ^ 3^* x 2™"'^'(^). 

Proof. Since -^M = Eg and the natural map of to ^("^-^) is onto and has 

kernel -j^{M nJ ± F), V^^F) = 3^ is elementary abelian. □ 
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Notation 6.10. Let X = M n J , Y = N f] J and K = X + Y . Note that Y = Xg 
and thus by Lemma 13.21 we have K = A2 ^ (A=X] . 



Let {a, a'} be a set of fundamental roots for A2 and denote a" = —{a + a'). 
Let g' be the isometry of A2 which is induced by the map a ^ a' ^ a" ^ a. 



By identifying K with A2 (Xi ( -y^X ) , we may assume X = MnJ = Za (g) ( A^X 



Recall that {x,x'g) = —^{x,x') for any x,x' E K (cf. (j3.2[) ). Therefore, for any 
P G "71^' "^^•^ identify {a with a' /3 = ag' /3 and identify Y = Xg 

with f4^^y 



Lemma 6.11. M^e have J = L{g-l) + K, where K = Jr\M + Jr\N as in ^U7W\) . 

The map g — 1 takes L onto J and induces an isomorphism of L/{J + F) and J/K, 
as abelian groups. In particular, both quotients have order 3* . 

Proof. Part 1: The map g — 1 induces a monomorphism. Clearly, L{g — 1) < J 
and g acts trivially on L/L{g — 1). Obviously, F{g — 1) =0. We also have L > 
J + F > K + F . Since M f] J < K, t acts trivially on J/K. Therefore, so does g, 
whence J{g — 1) < K. Since g acts trivially on L/ J, L{g — 1)^ < K. 

Furthermore, {g — 1)^ annihilates L/{F + K), which is a quotient oi L/F, where 
the action of g has minimal polynomial x'^+x+1. Therefore L/{F+K) is annihilated 
by 3(7, so is an elementary abelian 3-group. We have 'iL < F + K. 

Let P := {x e L\x{g - 1) G K]. Then P is a sublattice and F + J < P < L. 
By coprimeness, there are sublattices P'^^P' so that P~^ n P = F + K and 
P"*" + P = P and t acts on P'^ /{F + K) as the scalar e = ±1. We shall prove 
now that P~ = F + K and P+ = F + J. We already know that P" >F + K and 
P+ >F + J. 

Let V G P~ and suppose that v{g — l) G K. Then v{g'^ — g) G K and this element 
is fixed by t. Therefore, v{g'^ — 5) G annxiM n J). By (j3.2p . there is n G M n J so 
that u{g'^ ~ 9) = v{g'^ — g). Then n — w G L is fixed by g and so n — u G P. Since 
u G K, V £ F + K. We have proved that P^ = F + K. 

Now let V G P~^ . Assume that v ^ F + J. Since D acts on L/ J such that g acts 
trivially, coprimeness of \L/J\ and \D/{g)\ implies that L has a quotient of order 3 
on which t and u act trivially. Since L = M + N , this is not possible. We conclude 
that F + J = P+. 

We conclude that P = P^ + P"*" = F + J and so (7 — 1 gives an embedding of 
L/{J + F) into J//^. 

Pari 2: The map g — 1 induces an epimorphism. We know that L/{F + J) = y 
and this quotient injects into J/K. We now prove that J/K has order bounded by 



Consider the possibility that t negates a nontrivial element x + K oi J/K. By 
()A.7p . we may assume that xt = —x. But then x£Mr\J<K,a, contradiction. 
Therefore, t acts trivially on the quotient J/K. It follows that the quotient J/K is 
covered by J~^{t). Therefore J/K embeds in the discriminant group of K^{t), which 
by (|3.2p is isometric to \/3(M n J). Since J/K is an elementary abelian 3-group 
and V{M n J) = 3* x 2''«"'=(*^n'^) , the embedding takes J/K to the Sylow 3-group 
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of T>{M n J), which is isomorphic to 3^* (see ()6.9p and use (|Al3]l . appUed to 
and the sublattices -^F and -^(M n J). □ 

Proposition 6.12. If L is rootless and F ^ 0, then s = 1 and F = AA2- Also, 
L/{J ±F) ^3. 

Proof. We have s < 3, so by Proposition ID. 81 F = AA2,EEq or ^4^42 -L AA2 
and s = 1, 1 or 2, respectively. Note X = M Ci J is the sublattice of M which is 
orthogonal to F. Since M = EEs, X = EEq,AA2 and AA2 ± AA2 if F = AA2, EEq 
and AA2 -L AA2, respectively. 

We shall show that L has roots if F = EEq or AA2 -L AA2- The conclusion in 
the surviving case follows from (j6.9p . 

Case 1: F = EEq and s = 1. In this case, X = Y = AA2. Hence K ^ A20 A2. 
As in Notation I6.10t we shall identify X with Za A2 and Y with Za^' (8) ^2 ■ Then 
F ±X^ EEq _L Z{a O ^2)- 

In this case, |M/(F + X)| = 3 and there exist 7 G (FFe)* and 7' G (^2)* with 
(7,7) = 8/3 and (7', 7') = 2/3 such that M = span^jF + X,7 + a (g) 7'}. Then 
= Mg = span^jF + y, 7 + ag' 7'} and we have 

L = M + iV ^ span2;{FF6 -L (^2 ® ^2), 7 + (" ® V), 7 + ("ff' V)} 

Let /? := (7 + (a 7')) - (7 + (ag' 7')) = (a - ag') 7'. Then (/3,/3) = 
(a - ag', a - ag') ■ (7', Y) = 6 • 2/3 = 4. 

Let ai be a root of A2 such that (ai,7') = —1. Then a ai £ ^2 ® ^2) 
where a is in the first tensor factor and ai is in the second tensor factor. Then 
(/?, a® ai) = {a — ag' , a) • (7', ai) = (2 + 1) • (—1) = —3 and the norm of /3+ (a(giai) 
is given by 

(/? + (a«)ai),/3 + (a®ai)) = (/?, /?) + (a® ai, a® ai) + 2(/3, a«) ai) = 4 + 4-6 = 2. 

Thus, oi = /? + (a (8) ai) is a root in J. So, L has roots. In fact, we can say 
more. If we take a2 = Pg + ag' (8 ai, then 02 is also a root and 

(01,02) = (/? + a (g) Qi,/3g + ag' (gi ai) 

= (/?, /5g) + (/3, ag' ai) + (a ai,Pg) + (a ai, ag' (g) ai) 

= -^(4-3-3 + 4) = -l. 

Thus, 01,02 spans a sublattice A isometric to A2- 

Case 2: F = AA2 -L AA2 and s = 2. In this case, X ^ y ^ AA2 -L ylyl2. 
Hence, K = A2 ® {A2 ^ A2). Again, we shall identify X with Za (gi (A2 -L ^2) 
and F + X ^ -L AA2 ^ Za ® {A2 -L A2) = AA2 -L ylyl2 -L AA2 -L ^^2- 

For convenience, we shall use a 4-tuple (^1,^2,^3)^4) to denote an element in (F + 
Kf ^ {AA2)* J- {AA2)* J- {A2 A2)* ± (A2 ^2)*, where 6,6 S (^^2)* and 

6,6 G (^2«'^2)*. 
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Recall that |M/(F + X)| = 3^ and the cosets oiM/{F + X) can be parametrized 
by the tetracode (cf. [CS[ p. 200]) whose generating matrix is given by 



1110 
1-10 1 



Hence, there exists a element 7 G {AA2)* with (7,7) = 4/3 and 7' G (^2)* with 
(y,y) = 2/3 such that 

AA2 ^- AA2 ± Zq {A2 ^- A2), 

(7, 7, a 7', 0), (7, -7, 0, a 7') , 



M = span^ 
Therefore, we also have 

N = Mg = span 



AA2 ^- AA2 ^- 'Lag' ® (^2 ^ ^2), 
(7, 7, ag' (g) 7', 0), (7, -7, 0, ag' 7') 



and 



L = M + iV = 

^^2 -L ^^2 ^A2® {A2 -L A2), (7,7>a ® 0), 
(7, -7, 0, a 7'), (7, 7, aff' 0), (7, -7> 0, ag' ® 7') 



span^ 



Let /?i = (7,7,0 7',0) - (7,7,ag' 7',0) and (52 = {7, -1,0, a (g 7') - 
(7, —7, 0, a(7' (8) 7'). Then Pi,P2 G ^(5 — 1) < and both have norm 4. 

Let ai and a2 be roots in ^42 such that (ai, 7') = (a25 7') = —1 and (ai, 02) = 1. 
Denote 

a\ = Pi + (0,0, a ai,0), al = Pig' + (0,0, O ai,0), 

a? = A + (0,0, a 02,0), = Pig' + (0,0, ag O 02, 0), 

a? = /32 + (0,0,0,a (g) ai), = /?2g' + (0,0, 0,05' ai), 

= /?2 + (0, 0, 0, a 02), at = /?25' + (0, 0, 0, ag' 02). 

Then similar to Case 1, we have the inner products 

(ai, ai) = (a|, a|) = 2, and (ai, a|) = -1, 

for any i = 1,2,3,4. Thus, each pair {a\,a2}, for i = 1,2,3,4, spans a sublattice 
isometric to A2. Moreover, (a^,a;^) = for any i 7^ j and k,i £ {1,2}. Therefore, 
J > A2 ± A2 ± A2 ± A2. Moreover, jspan^jai, a*2| i = l,2,3,4}/ir| = 3^ and 
hence J = ^2 -L ^2 -L ^2 -L ^2- Again, L has roots. □ 

Corollary 6.13. \J : M f] J + N n J\ = 3 and M n J = annuiF) = EEq. 
Proof. (f6TT]) and (I6T2D . □ 

Corollary 6.14. (i) M r\ J + N r\ J is isometric to A2 Eq. 
(ii) L = M + N is unique up to isometry. 

Proof. For (i), use ([321) and for (ii), use ([31]). □ 

Lemma 6.15. If v = vi -\- V2 with vi G J* and V2 £ F* , then V2 has norm | and 
vi has norm in | + 2Z. 

Proof. Since 3t;2 £ F, we may assume that 3v2 has norm 12 by ()D.6P so that V2 
has norm I. It follows that vi has norm in | + 2Z. □ 
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6.1.1 DIHq-. Explicit glueing 



In this subsection, we shall describe the explicit glueing from F + M r\ J + N r\ J 
to L. As in Notation [630} X = M r\ J , Y = N r\ J and K = X + Y . Since 
F ^ AA2, we have X ^ y ^ EE^^ and K A2 ® E^. We also identify X with 

Za ( -j^X I and y with "Lag' (8> ( I ; where a is a root of A2 and g' is a fixed 



point free isometry of A2 such that ag' ® (3 = {a® j3)g as described in (I6.10[) . Then 
F _L X ^ AA2 ±Za(g)E6^ AA2 -L £^£^6- 

Recall that (^^2)7^^2 = Z| x Z3. Therefore, 2(AA2)VAA2 is the unique 
subgroup of order 3 in {AA2)* /AA2. Similarly, 2{Za'S) Eq)* / {Za® Eq) is the unique 
subgroup of order 3 in (Za (g) Eq)* /{Za (g) Eq) ^ x Z^. 

Notation 6.16. Since F ± X < M and \M : F ± X\ = 3, there exists an element 
fie F* ±X* such that 3^ G F + X and M = span^jF + X,fi}. Let 7 G (^^2)* be 
a representative of the generator of the order 3 subgroup in 2{AA2)* /AA2 and 7' a 
representative of the generator of the order 3 subgroup in (Eq)* /Eq. Without loss, 
we may choose 7 and 7' so that (7,7) = 4/3 and (7', 7') = 4/3. Since the image of 
fj. in M/ {F _L X) is of order 3, it is easy to see that 



By replacing fi by —fj. and 7' by —7' if necessary, we may assume ^ = 7 + a (81 7'. 
Then v := fj,g = j + ag' fg 7' and X = span^jF + y, z^}. 

Proposition 6.17. With the notation as in 116.16]) . L = M + N = span^{AA2 -L 
^2 £6,7 + a 1^ 7',7 + ag' ^ l'}- 

Remark 6.18. Let /? = (a - ag') 07' = (7 + a (8) 7') - (7 + 05' ® 7')- Then 
P e L{g - 1) = J = anniiF) but /3 = (a - 05') ® i ^ K = A2 ® Eq. Hence 
J = span^l/?, K} as I J : i^l = 3. Note also that (/?, /3) = 6 • 4/3 = 8. 

Lemma 6.19. J^it) = annj{M n J) = \/6F^. 

Proof. By Remark ()6.18p . we have J = span^j/?, £'}, where /5 = (a — ag')fSi^' and 
K = Mn J+iVn J = A2^Ee. Recall that Mn J is identified with Zag)EQ and NnJ is 
identified with Zoc/'oFq. Thus, by annK{MnJ) = Z{ag' -ag''^)®Ec ^ ^/QE^. 
Since (a, at?' — ag'"^) = 0, f3g = {ag' — ag'"^) 7' also annihilates M n J. Therefore, 
J~^{t) = ann j{M n J) > span^{annK{M n J), I3g}. Since 7' + Fg is a generator of 
Eq/Eq, we have span2{F6,7'} = Fg and hence 

span^janni^ (M Pi J),j3g} = Z(ag — ag'"^) span^lFg, 7'} = VQEq. 

Note that {ag' — ag''^) has norm 6. Now by the index formula, we have det{J~^ {t)) = 
26 X 3^ = det{VQEl) and thus, we have J+(t) = annj{M n J) = VQE^. □ 

Corollary 6.20. J is isometric to the Coxeter-Todd lattice. Each of these is not 
properly contained in an integral, rootless lattice. 

Proof. This is an extension of the result ()D.35p . Embed J in J', a lattice satisfying 
()D.34p and embed the Coxeter-Todd lattice F in a lattice Q satisfying ()D.34p . Then 
both J' and Q satisfy the hypotheses of ()D.34p . so are isometric. Since det{J) = 





/i = ±(7 + a (8) 7') or /i = ±(7 — a (8 7') modulo F _L X. 



det{P) = 3^, J^P. □ 
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6.2 DIHi2 

Notation 6.21. Let M,N be lattices isometric to EEg sucii tliat their respective 
associated involutions tM-,tN generate D = Dihi2. Let h := tM^N and g := h?. Let 
z := h^, the central involution of D. We shall make use of the DIHq results by 
working with the pair of distinct subgroups Dm '■= Dtj^ := (iA/,*^/) and Dat : = 
Df^ := (tjV) ^at)- Note that each of these groups is normal in D since each has index 
2. Define M := Mg^N := Ng. If X is one of M, N, we denote by Lx, Jx,Fx the 
lattices L := X + X , J, F associated to the pair X,X, denoted "M" and 'W in 
the DIHq section. We define Kx '■= {X Ci J) + {X Ci J)g, a Dx-submodule of Jx- 
Finally, we define F := Fo to be {x £ L\xg = g} and J := j£, := annL{F). We 
assume L is rootless. 

Lemma 6.22. An element of order 3 in D has commutator space of dimension 12. 

Proof. The analysis of DIHq shows just two possibilities in case of no roots (cf. 
Lemma ()6.4p and Proposition ()6.12p ). We suppose that g — 1 has rank 16, then 
derive a contradiction. 

From (16. 4p , M + Mg = A2<^ Eg- From (j3.5p , there are only three involutions in 
0{A2 (8> Es) which have negated space isometric to EEg. Therefore, L > M + Mg. 
Since V{M + Mg) = 3^, L/{M + Mg) is an elementary abelian 3-group of rank at 
most 4, which is totally singular in the natural |Z/Z-valued bilinear form. Note 
also that L is invariant under the isometry of order 3 on ^2 <^ Eg coming from the 
natural action of 0(^2) x {1} on the tensor product. We now obtain a contradiction 
from (jA.lSP since L is rootless. □ 

Corollary 6.23. Jm = Jn has rank 12 and Fm = En = AA2. 
Proof. Use (i6T2]l and iK22\f . □ 

Corollary 6.24. The lattice J has rank 12 and contains each of Jm and Jn with 
finite index. The lattice F = Ed has rank 2, 3 or 4 o,nd F/{Fm + Fx) is an 
elementary abelian 2-group. 

Proof. Use (|6.23p and (|A.2p . which implies that F / [Fm+Fx) is elementary abelian. 
□ 

Notation 6.25. Set t := tM and u := tx- 

Lemma 6.26. The involutions t^ and u commute, and in fact t^u = z. 

Proof. This is a calculation in the dihedral group of order 12. See (j6.2ip . (|6.25p . 

We have h = tu and h^ = z, so t^ = t^^ = utut ■ t ■ tutu = utututu = uh^ = uz. □ 

We now study how tx acts on the lattice J. 

Lemma 6.27. For X = M or N, Jx and Kx are D-submodules. 

Proof. Clearly, t^ fixes Lm = M + Mg, Em, Jm and Km = {Mr\JM) + iMnJM)g, 
the Z^M-submodule of J generated by the negated spaces of all involutions of Dm- 
Since tx = u = t^z, it suffices to show that the central involution z fixes all these 
sublattices, but that is trivial. □ 

Lemma 6.28. The action oft on J/Jm is trivial. 

Proof. Use (|X7fl) and the fact that Mr\J<JM- □ 



31 



6.2.1 DIHu: Study of Jm and Jn 



We work out some general points about Fm,Fn, Jj\/, Jn, Km and K^. We continue 
to use the hypothesis that L has no roots. 

Lemma 6.29. As in h6. 25\) . t = tM,u = tjy. 

(i) J{g — 1) < Jm H Jjy and J/{Jm n Jn) is an elementary abelian 3-group of 
rank at most ^rank{J) = 6. Also, J/{Jm H Jn) is a trivial D-module. 

(a) J = Jm + Jn = L{g - 1). 

Proof, (i) Observe that g acts on J/Jm and that t acts trivially on this quotient 
(j6.28p . Since g is inverted by t, g acts trivially on J j Jm- A similar argument with 
u proves g acts trivially on J/ Jn- Therefore, J{g — 1) < Jm H Jn- Since {g — 1)^ 
acts on J as —2>g, (i) follows. 

(ii) We observe that Lx{g - 1) < Jx, for X = M,N. Since L = M + N, 
L{g — 1) < Jm + Jn- The right side is contained in J = annL{F). Suppose that 
L{g — 1) < J. Then J /L{g — 1) is a nonzero 3-group which is a trivial module for 
D. It follows that L/[F + L{g — 1)) is an elementary abelian 3-group which has a 
quotient of order 3 and is a trivial D-module. This is impossible since L = M + N . 
So, J = Jm + Jn = L{g - 1). □ 

Lemma 6.30. F = Fm + Fn- 

Proof. Since F is the sublattice of fixed points for g. Then F is a direct summand 
of L and is D-invariant. Also, D acts on F as a four-group and Tel{F,D) has 
finite index in F. If E is any D-invariant 1-space in F, t or u negates E (because 
L = M + N). Therefore, Fm + Fn has finite index in F and is in fact 2-coelementary 
abehan fO) . 

Consider the possibility that Fm + Fn < F, i.e., that Fm + Fn is not a direct 
summand. Since Fm and Fn are direct summands, there are a £ Fm,(3 £ Fn so 
that ^{a+f3) G L but and i/3 are not in L. Since by ([QS]) Fm = Fn = AA2, we 
may assume that a,P each have norm 4. Then by Cauchy- Schwartz, ^{a + P) has 
norm at most 4 and, if equal to 4, a and (3 are equal. But then, ^{a + P) = a £ L, 
a contradiction. □ 

6.2.2 DIH12: the structure of F 

Lemma 6.31. Suppose that Fm 7^ Fn- Then Fm H Fn is or has rank 1 and is 
spanned by a vector of norm 4 or norm 12. 

Proof. Since Fm and Fn are summands, Fm 7^ Fn implies rank{FM + Fn) > 3, 
so Fm + Fn has rank 3 or 4. Assume that Fm H Fn has neither rank or rank 2. 
Since 0{Fm) = Sym^ x 2 and Fm n Fn is an eigenlattice in Fm for the involution 
tAT, it must be spanned by a norm 4 vector or is the annihilator of a norm 4 vector. 
□ 

Lemma 6.32. Suppose that the distinct vectors u, v have norm 4 o.nd u, v are in 
L\{J + F). We suppose that u £ Lm\{J + F) and v £ Ln \ {J + F). Write 
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u = ui + U2 and v = vi + V2, where Ui,vi £ span]g(J) and U2,V2 G span£(F). We 
suppose that each of ui,U2,vi,V2 are nonzero. Then 

(i) ui and vi have norm |; 
(a) U2 and V2 have norm |. 

Proof. Since 4 = (u, n) = {ui,ui) + {u2,U2), (i) follows from (ii). To prove (ii), 
use the fact that L/{J _L F) is a 3-group, a rescaled version of ()D.6P and {u2,U2) < 
{u,u). □ 

Lemma 6.33. (i) Suppose that Fa/PiF/v = Zn, where u ^ 0. Let v span anuFj^^iu) 
and let w span annpj^iu). T/ien F = span{ii,f;,t(;, + i(n + t(;), ^(w + w)} and 
{u,u) = 4, {v,v) = 12 = {w,w). 

(ii) If the rank of 0^{p{F)) is at least 2, then 
(a) F = Fm -L F/v (rank 4); or 

(h) F has rank 3 and the number of nontrivial cosets of 0^{(D{F)) = 3x3 which 
have representing elements whose norms lie in | + 2Z, respectively | + 2Z are 4 and 
4, respectively. 

Proof, (i) By (j6.3ip . u has norm 4 or 12. The listed generators span F = Fm +F/v 
since Fm = span{u,v, ^{u + v)} and F/v = span{u,w, ^{u + vu)}. If (n, n) = 12, 
then V and vu have norm 4 and ^{v + w) is a root in F, whereas L is rootless. So, 
(m, n) = 4 and {v, v) = 12 = {w, w). 

Now we prove (ii). Since we have already discussed the case of rank(F) equal to 
2 and 4, we assume rank{F) = 3, for which we may use the earlier results. In the 
above notation, we may assume that F = span{u,v,w, ^{u + v), ^{u + w), ^{v + w)} 
and {u,u) = 4 and {v,v) = 12 = {w,w). Then 03(D{F)) = 3^ and the pair of 
elements ^v, map modulo F to generators of 03(D(F)). Since their norms are 
|, I and they are orthogonal, the rest of (ii) follows. □ 

6.2.3 DIH12: A comparison of eigenlattices 

Notation 6.34. Let u be the usual additive 3-adic valuation on Q, with 1^(3^^) = k. 
Set P := Mg D J , K := P + Pg = Z[{g)]P, R := annxiP). Note that P is the 
(— l)-eigenlattice of t^ in both J and K while R is the (+l)-eigenlattice of t^ in K. 

We study the actions of u on J, Jm, P, K and R. 

Lemma 6.35. J = Jm = Jn and V{J) ^ 3^. 

Proof. Since J contains Jm with finite index, we may use ()6.20p . □ 

Notation 6.36. Define integers r := rank[P~^{u)), s := rank{P^ (u)). We have 
r = rank(R^ (u)), s = rank{R~^{u)) and r + s = 6. 

Corollary 6.37. {r,s) G {(2, 4), (4, 2), (6, 0)}. 

Proof. Since P' + R' has finite index 3^ in J' (u) = N D J = EEq and detiP" + 
R^) = 2''"3^^^', for some m > 6, the determinant index formula implies that r is 
even. Similarly, we get s is even. If r = 0, then s = 6 and J f] Mg = J f] N, and 
so z := t^u is the identity on J. Since t^ 7^ u, we have a contradiction to the DIH4 
theory since the common negated space for t^ and u is at least 6-dimensional. So, 
r / 0. □ 
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6.3 8 = 



Lemma 6.38. If s = 0, then the pair Mg,N is in case DIH4(15) or DIH4^{16). 

Proof. In this case, MgHN is RSSD in Fn so is isometric to AA2 or AAi or \/^Ai. 
Then DIH4 theory imphes that Mg H is isometric to AAi or 0. □ 

Lemma 6.39. s 7^ 0. 

Proof. Suppose that s = 0. Then u acts as 1 on Alg n J. The sublattice 
{Mg n J) _L (A'^ n J) has determinant 2^^3'^ is contained in Tel{J,u), which has 
determinant 2^^det{J) = 2^236 . Since Mg D J = J (t^), it follows from determi- 
nant considerations that H J is contained with index 3^ in J^{t^). Since s = 0, 
J~^[t^) < (u) = N n J and we have a contradiction. □ 

6.4 sg{2,4} 

Lemma 6.40. // s > and det{P~ (u)) is not a power of 2, then s = 2 and 
P~{u) ^ 2A2 and the pair Mg,N is in case DIH^iU). 

Proof. Since P~ {u) is RSSD in P and det{P~{u)) is not a power of 2, ()D.16P 
implies that P~iu) = AA5 or 2A2 or (2^2)(^^i)™- Since s = rank{P^{u)) is 2 or 
4, we have P~{u) = 2A2 or (2yl2)(^^i)^. By DIH^ theory, MgHN ^ DD4. Since 
P~{u) is contained in Mg n N, P~{u) = 2A2. □ 

Lemma 6.41. (i) // s > and det{P^{u)) is a power of 2, then s = 2 and 
P~{u) ^ AAi _L AAi or s = A and p- (u) ^ DD4. 

(a) If P'{u) ^ DD4, the pair Mg,N is in case DIHi{l2). 

(Hi) If P~{u) = AAi _L AAi, the pair Mg, N is in case D/i74(14). In particular, 
Fm ri Fn = and so F = Fm -\- Fn- 

Proof, (i) Use ()D.16p and evenness of s. 

(ii) This follows from DIH4 theory since Mg f] N contains a copy of DD^ and 
Mg / N. 

(iii) Since dim[P~ [u)) = 2, it suffices by DIH4 theory to prove that dim{Mg n 
A^) / 4. Assume by way of contradiction that dim{Mg r\N) = A. Then Mg r\N = 
DD4 and rank{Mg D N n F) = 2. This means that F = Fm = Fn = AA2. 
Therefore, MgHN = DD4 contains the sublattice P" (u) ± F = AAi _L AAi _L 
AA2, which is impossible. □ 

Lemma 6.42. Suppose that P^{u) is isometric to 2A2. Then rank{L) = 14 and L 
has roots. 

Proof. We have det{p-{u) _L R-{u)) = 2^3 ■ 2^3^ = 2^3^. Since N nJ covers 
J/ Km, the determinant formula implies that |J : Km\ = 3^ and so det{J) = 3^. 
Now use (lOOll . □ 

Lemma 6.43. P~ {u) is not isometric to AAi _L AAi. 
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Proof. Suppose P'{u) ^ AAi ± AAi. Then, P+{u) ^ V2Q, where Q is the rank 
4 lattice which is described in ([Dl9]) . Also, i?+ = \/6ylf and i?~ ^ ^/6Q. Then 
P~{u) _L R~'{u) embeds in ii^ii^g- Since sublattices of Eq which are isometric to 
are in a single orbit under 0{Eq), it follows that ^/SQ embeds in Q. However, this 
is in contradiction with (|D.24p . □ 

To summarizes our conclusion, we have the proposition. 
Proposition 6.44. P~{u) = Mg n N = DDA and the pair is in case DIHi{12). 

6.5 Uniqueness of the case DIHi2{16) 

As in other sections, we aim to use (|4.ip for the case (|6.4ip (iil. 

The input M, determines the dihedral group (t, u) and therefore Mg and 
Mg + N. By DIH4^ theory, the isometry type of Mg + A^ is determined up to 
isometry. Since Mg + A has finite index in M + A, M + A is determined by ()4.ip . 
Thus, Theorem (j6.ip is proved. 

7 DIHio theory 

Notation 7.1. Define t := tu, h := tutN- We suppose h has order 5. Let g := h^. 
Then g also has order 5 and D : = < tM^tM >=< t,g >. In addition, we have 
A = Mg. Define F := M D N , J := anni{F). Note that F is the common negated 
lattice for tM and t at in L, so is the fixed point sublattice for g and is a direct 
summand of L (jA.lOp . 

Definition 7.2. Define the integer s by 5* := \L/{J + F)\. 

Lemma 7.3. Equivalent are (i) L = J + F; (ii) s = 0; (Hi) F = 0; (iv) J = L. 

Proof. Trivially, L = J + F and s = are equivalent. These conditions follow if 
-F = or if J = (but the latter does not happen since g has order 5). li L = J + F 
holds, then M = (Jn M) _L F which imphes that F = and J = L since M = EEs 
is orthogonally decomposable. □ 

Lemma 7.4. (i) g acts trivially on both F and L/J. 

(ii) g — 1 induces an embedding L/F ^ J. 

(Hi) g— 1 induces an embedding L/[J + F) J/J{g — 1), whose rank is at most 
jrank{J) since {g — 1)^ induces the map 5w on J, where w = —cp' + 5 — 1 induces 
an invertible linear map on J. 

(iv) s < jrank{J) , so that s = and F = or s £ {1, 2, 3, 4} and F 0. 

(v) The inclusion M < L induces an isomorphism M/({M f] J) + F) = L / (J + 
F) = 5^ , an elementary abelian group. 

Proof, (i) and (ii) are trivial. 

(iii) This is equivalent to some known behavior in the ring of integers ^[e^'^*/^], 
but we give a self-contained proof here. We calculate {g — 1)^ = 5^ — + Gg^ — 
Ag + l = (5^ + g'^ + g"^ -\- g + 1) + 5w, which in End{J) is congruent to f>w. Note that 
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the images of g + 1 and g'^ + 1 are non zero-divisors (e.g., because {g + l){g^ — 9^ + 
g"^ — g + 1) = g^ + 1 = 2, and 2 is a non zero-divisor) and are associates in End{J) 
so that their ratio w is a unit. For background, we mention |GHig]. 

(iv) The Jordan canonical form for the action of g — 1 on J/5 J is a direct sum 
of degree 4 indecomposable blocks, by (iii), since {g — 1)^ has determinant fy'^"-^KJ) ^ 
Since the action of g on L/J is trivial, s < \rank[J). Since rank{J) < 16, s < 4. 
For the case s = 0, see (|7.3p . 

(v) Since = Mg, N and M are congruent modulo J. Therefore L = M + N = 
M + J and so 5* ^ L/(J + F) = {M + J)/{J + F) = (M + ( J + F))/{J + F) ^ 
M / (M r]{J + F)) (by a basic isomorphism theorem) and this equals M/ ({MnJ)+F) 
(by the Dedekind law). 

Since L{g-1) < J, (g-l) annihilates L/{J+F). Since {g-l^ takes {L/{J+F)) 
to 5(L/(J F)), it follows that bL< J + F. That is, L/( J -h F) is an elementary 
abelian 5-group. □ 

Lemma 7.5. s = 0, 1, 2 or3 and F = M r\N ^ AA^, ^/2M{A,2^) orV2Ai{l). 

Proof. We have that ^ E^. The natural map of to T^i^F) is onto 

and has kernel ((M n J) _L F)). Therefore, P(;^F) = 5^ is elementary abelian. 
Now apply (|D.9p to get the possibilities for -^F and hence for F. Note that M = N 
is impossible here, since tu 7^ tjy- D 



7.1 DIHiQi Which ones are rootless? 

From Lemma [731 s = 0, 1, 2 or 3. We shall eliminate the case s = 1, s = 2 and 
s = 3, proving that s = and F = 0. 

Lemma 7.6. If L = M + N is integral and rootless, then F = A4 f] N = 0. 

Proof. By Lemma [731 we know that M n iV = 0, AA^ ^/2M{4:,25) or \/2^4(l) 
since M ^ N. We shall eliminate the cases MnN ^ AA4, V2M{A,25) and 
\/2yl4(l). 

Case: F = M r\ N ^ AA4. In this case, M n J = N f] J = AA^. Therefore, 
there exist a E F* and /? G (M n J)* such that M = span^jF + (M n J), a /?}. 
Without loss, we may assume {a, a) = 12/5 and (/3, /3) = 8/5. Let 7 = /Jf?. Then, 
(a -|- /?)(7 = a -|- 7 G and we have N = span^lF -|- {N n J), a -|- 7}. Since L is 
integral and rootless and since a + (3 ^ L has norm 4, by (ID.lip . 

12 

> (a + /3, (a + /3)5) = (« + /?, a + 7) = (a,a) + (/3,7) = — + (/3,7). 

5 

Thus, we have (/?, 7) < — However, by the Schwartz inequality, 

|(/3,7)l< V(A/5)(7,7) = ^, 

which is a contradiction. 
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Case: F = M f\ N ^ V2M{A, 25). In this case, Mr\J^Nf\J^ V2M{4, 25), 
also. Let V2u, \/2u, V^w, \f2x be a set of orthogonal elements in F = \/2A^(4, 25) 
such that their norms are 4,8,20,40, respectively (cf. (IBTtIi I. Let \f2v^ ,\f2v' ,^w' , 
V2x' be a sequence of pairwise orthogonal elements in M n J such that their norms 
are 4, 8, 20, 40, respectively. By the construction in (IB.SP and the uniqueness asser- 
tion, we may assume that the element 7 = ^{w + x + x') is in M. Since 7 has 
norm 4, by (jP.lip . 

> (7,79) = ^{w + X + x' ,w + X + x' g) = ^ + -^{x\x'g). 

Thus, we have {x',x'g) < —30. By the Schwartz inequality, 

\{x',x'g)\ < y/{x',x'){x'g,x'g) = 20, 

which is again a contradiction. 

Case: F = M n N = \/^Ai{l). Since F is a direct summand of M and N, we 
have M nJ ^ N nJ ^ V^A^il) by (|Dl3]l . Recah that (^4(1))* = ^^4- 

By the construction in ()D.14p . there exists a S 2F* with (a, a) = 2 x 8/5 = 16/5 
and UM G 2(M n J)* with (om, "A/) = 2 x 2/5 = 4/5 such that y = a + um S M. 

Since (y,y) =4, by (|DTTD , 

> (y, = (a + OM, a + ^Mg) = (a, a) + {aM,aMg) 
and we have (aM,«A/fi') < —(a, a) = —16/5. However, by the Schwartz inequality, 

\{aM,aM9)\ < \l {cum, aM){aMg, otMO) = 4/5, 
which is a contradiction. □ 



7.2 DIHiq: An orthogonal direct sum 

For background, we refer to ([R3l) . (iBlO]) . (|Dl0]) - ([m2l) . Our goal here is to build 
up an orthogonal direct sum of four copies of inside L. We do so one summand 
at a time. This direct sum shall determine L (see the following subsection). 

Notation 7.7. Define Z(i) := {x e M\{x,x) = 4,{x,xg) = i}. Note that (x, x^) = 
-3,-2,-1,0, or 1 by Lemma Em 

Lemma 7.8. For u,v ^ M, (n, vg) = (u, vg~^) = {ug, v). 

Proof. Since t preserves the form, {u,vg) = {ut,vgt) = {—u,vtg~^) = {—u,—vg~^) = 
{u,vg~^). This equals {ug,v) since g preserves the form. □ 

Lemma 7.9. Ifu,v,w is any set of norm 4 vectors so that u + v + w = 0, then one 
or three of u,v,w lies in Z(—2) U Z{0). In particular, Z{—2) U Z{0) 7^ 0. 

Proof. Suppose that we have norm 4 vectors n, v, w so that u + v + w = 0. Then 

= {u + V + w,ug + vg + wg) = (n, ug) + (v, vg) + {w, wg) + (n, vg) + {ug, v) + 
{u,wg) + {ug,w) + {v,wg) + {vg,w) = {u,ug) + {v,vg) + {w,wg){mod2), by ([LH]), 
whence evenly many of {u,ug), {v,vg), {w,wg) are odd. □ 

Now we look at D-submodules of L and decompositions. 
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Definition 7.10. Let M4 = {a £ M\ {a, a) = 4}. Define a partition of M4 into sets 
M| := {a G M4I aZ[D] ^ yl4(l)} and M| := {a G M4I aZ[£)] ^ AA4} (cf. ([PlT]) '). 
For a, /? G M|, say tliat a and /3 are equivalent if and only if a1i[D] = (3Z[D]. 
Define the partition A'^4 = U and equivalence relation on similarly. 

Remark 7.11. The linear maps take M into M since they commute with 

t. Also, +g^ and g + g^ are linear isomorphisms of M onto M since their product 
is —1. Note that they may not preserve inner products. 

Lemma 7.12. M4 = M| and Ml = 0. 

Proof. Supposing the lemma to be false, we take a G M|. Then the norm of 
a{g'^ + 9^) is 4 + 2{ag'^,ag^) + 4 = 8- 2 = 6 (cf. (|D.lip ). which is impossible since 
M ^ EEs is doubly even. □ 

Lemma 7.13. Let a G M4. Then M n aZ[D] = AAj. 

Proof. Let a G M4. Then by ([TJ^ . aZ[D] = AA4. In this case, we have either 
(1) {a,ag) = —2 and (0,03^) = or (2) {a,ag) = and {a,ag'^) = —2. 

In case (1), we have a{g'^+g^) G M4 and a and a(g^+g^) generate a sublattice of 
type AAf in MnaZ[D]. Similarly, 0(7, a{g'^ +g^)g generate a sublattice of type AAf 
in iVnaZ[D]. Since MnN = 0, we have rank{MnaZ[D]) = rank{Nna'Z[D]) = 2. 
Moreover, {a, 0(5^ + 5^), ag, a((7'^ + g^)} forms a Z-basis of an ^^4-sublattice of 
aZ[Z)] = ^^4. Thus, {a,a((7^ + g^),a(7,a(g'^ + g^)} is also a basis of aIj[D] and 
span^ja, a((7^ + g^)} is summand of aZ[D]. Hence, M n aZ[Z)] = span^ja, a{g'^ + 
5^)} = AAj as desired. 

In case (2), we have a{g+g'^) G M4 and thus MnaZ[D] = span^ja, a{g+g^)} = 
Aylf by an argument as in case (1). □ 

Lemma 7.14. Suppose that a G M|, /3 G A'^ anrf aZ[L)] = (3Z,[D]. Let the equiva- 
lence class of a be {ita, ita'} and let the equivalence class of (3 be {ib/3, ib/3'}. After 
interchanging (3 and one of ±0' if necessary, the Gram matrix of a,a' , (3, f3' is 



/2 1 \ 

2 1-1 

12 

Vl -1 2 J 



/4 2 \ 

4 2 -2 

2 4 

\2 -2 4 y 



Proof. We think of A4 as the 5-tuples in Z^ with zero coordinate sum. Index 
coordinates with integers mod 5: 0, 1, 2, 3, 4. Consider g as addition by 1 mod 
5 and t as negating indices modulo 5. We may take a := \/2(0, 1, 0, 0, — 1), a' := 
\/2(0, 0, 1, — 1, 0). We define /3 := ag,P' := a'g. The computation of the Gram 
matrix is straightforward. □ 

Lemma 7.15. Let m > 1. Suppose that U is a rank Am Z[D]-invariant sublattice 
of L which is generated as a 7j[D]-module by S, a sublattice of U D M which is 
isometric to AAf^ . Then annM{U) contains a sublattice of type AAf~'^"^ . 
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Proof. We may assume that m < 3. Since t inverts g and g is fixed point free on 
L, U~{t) = U r\M has rank 2m. Let 5 be a sublattice of C/ n M of type AAf^ . 
Then S has finite index in [/ n M. Let W := annL{U), a direct summand of L 
of rank 16 — 4m. The action of g on W is fixed point free and t inverts g under 
conjugation, soWnM = annM{U) is a direct summand of M of rank 8 — 2m. It is 
contained in hence is equal to the annihilator in M of 5, by rank considerations, so 
is isometric to DDq, AAf or AAf. Each of these lattices contains a sublattice 
of type AAf-^"". □ 

Corollary 7.16. L contains an orthogonal direct sum of four D -invariant lattices, 
each isometric to AA4. 

Proof. We prove by induction that for k = 0, 1,2,3,4, L contains an orthogonal 
direct sum of k D-invariant lattices, each isometric to AA4. This is trivial for A; = 0. 
If < A: < 3, let f/ be such an orthogonal direct sum of k copies of AA^. Then 
M n U = AAf' and thus annM{U) contains a norm 4 vector, say a. By (]7.12p . 
aZ[L'] = AA4. So, U _L aL[D] is an orthogonal direct sum of {k + 1) D-invariant 
lattices, each isometric to AA^. □ 

Corollary 7.17. L = M + N is unique up to isometry. 

Proof. Uniqueness follows from the isometry type of U (finite index in L) and 
(|4T]1 . We take the finite index sublattices Mi:= MnU and Ni := NnU and use 
()7.14p . An alternate proof is given by the glueing in (j7.18p □ 

7.3 DIHio: From AAj to L 

We discuss the glueing from a sublattice U = Ui J- U2 -i- U3 J- U4, as in ()7.16p to 
L. We assume that each Ui is invariant under D. 

By construction, M/{M nU) = 2"^, MnU = AAf. A similar statement is true 
with A'^ in place of M. Since L = M + N , it follows that L/U is a 2-group. Since g 
acts fixed point freely on L/U, L/U is elementary abelian of order 2^ or 2^. Also, 
L/U is the direct sum of Ci/ij{t) and Ci/ij{u), and each of the latter groups is 

elementary abelian of order \L : U\^ . So \L : U\^ = \M : M D U\^ = {2^f = 2^. 
Therefore, det{L) = 5^ and the Smith invariant sequence of L is l^-^5^. 

Proposition 7.18. The glueing from U to L may be identified with the direct sums 
of these two glueings from U D M to M and U D N to N . Each glueing is based on 
the extended Hamming code with parameters [8,4,4] with respect to the orthogonal 
frame. 

7.4 DIHiq: Explicit glueing and tensor products 

In this section, we shall give the glue vectors from U = Ui -L U2 -\- U3 -L U4 to L 
explicitly in Proposition 17.231 (cf . Proposition I7.18P . We also show that L contains 
a sublattice isomorphic to a tensor product A4 <^ A4. 
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Notation 7.19. Recall that M n Ui = AAi _L AAi for i = 1,2,3,4. Let G 
M4 n Ui,i = 1,2,3,4, such that {ai,aig) = —2. Note that such ai exists because 
if {ai,aig) 7^ —2, then {ai,aig) = and (aj,aj(/^) = —2. In this case, on = 
oii{g + 5^) G M4 n C/j and (a,, dig) = -2 fTTT]) . 

Set Q- := ai{g'^ + g^) for i = 1,2,3,4. Then a- G M4 n Ui and M n C/j = 
span2{ai,a'J (|7.1ip . 

Lemma 7.20. f7se i/ie same notation as in { 7.19^ . Then for all i = 1,2,3,4, we 
have {ai,aig) = —2, (aj,aj(/^) = 0, {ai,a'j) = 0, {a[,a[g) = and {ai,a[g) = —2. 

Proof. By definition, [ai^aig) = —2 and {ai^aig'^) = 0. Thus, we have {a[,ai) = 
{oiig'^ + g^),ai) = 0. Also, 

("i>"i9) = {oiiig^ + g^),ai{g^ + g^)g) 

= {aig'^,aig^) + (aiff^, aj^^) + {aig^,aig^) + (ai/, Oj^'^) 
= -2 + + 4-2 = 

and 

{ai,a[g) = {ai,ai{g^ +9^)9) = {ai,aig^) + {ai,aig^) = - 2 = -2. 

□ 

Remark 7.21. Since M and [/ are doubly even and since -j^{U H M) = (Ai)^ and 
(^1)* = i^i, for any /3 G M \ ([/ n M), 

/? = ^^("^CKi + ^'-'^'i) where 6j, b'^ G Z with some 6j, 6^ odd. 

i=l 

Lemma 7.22. Let P £ M \ {U n M) with = 4. T/ien, one 0/ the following 

three cases holds. 

(i) \bi\ = l and 6^ = for all i = 1, 2, 3, 4; 

("ii; \h[\ = 1 and 6^, = for all i = 1,2, 3, 4; 

(^iiij There exists a 3-set {i,j, k} C {1, 2, 3, 4} suc/i that bf = bj = I and = b'^ = 
1. 

Proof. Let (3 = Ei=i(|"i + lO S M \ ([/ n M) with (^, /?) = 4. Then we have 
Z]i=i(^? + bf) = 4. Since no \bi\ or is greater than 1 (or else no bi or 6'- is odd), 
bi,b[ G {-1,0, 1}. Moreover, {(3,l3g) = or -2 since /? G M4. By (IZ2D|), 

\j=i i=i / 

i=l i=l 



40 



If (/?, pg) = -2, then 

X:(6? + 26.60=4 = X:(6? + 6?). 

i=l i=l 

and hence we have (*) X]i^=i KiK ~ = 0. 

Set ki := b[{b[ — 26j). The values of ki, for all bi,b'^ G {—1,0,1}, are listed in 
Table M 



Table 9: Values of 








-1 


-1 


-1 


1 


1 


1 


h 


-1,0,1 


-1 





1 


-1 





1 


h = m - 2&.) 





-1 


1 


3 


3 


1 


-1 



Note that ki = 0, ±1 or 3 for all i = 1, 2, 3, 4. Therefore, up to the order of the 
indices, the values for (/^i, A;2; ^3, ^4) are (3, — 1, — 1, — 1), (1,-1,1,-1), (1,-1,0,0) 
or (0,0,0,0). 

However, for (^1,^2,^:3,^4) = (3,-1,-1,-1) or (1,-1,1,-1), bf = bj = I for 
aU i = 1,2,3,4 and then Ylt=ii^i + = 8 > 4. Therefore, {ki,k2,k^,ki) = 
(1,-1,0,0) or (0,0,0,0). 

If {ki, k2, ks, ki) = (1,-1,0,0), then we have, up to order, (6'^)^ = 1 (whence 
ki = 1), 61 = 0, b'2 = 62 = il (whence k2 = —1) and 63 = 64 = 0. Since 
^,^=1(^1 + = 4, fei + ^1 = 1 and hence we have (iii). 

If ki = b'-{b'- - 2bi) = for all i = 1, 2, 3, 4, then 6^ = for ah i and we have (i). 
Note that if b[ / 0, b'^ - 2bi / 0. 

Now assume (/3, (3g) = 0. Then ^11=1 {^i + ~ 0. Note that this equation 

is the same as the above equation (*) in the case for (/3, Pg) = —2 if we replace bi 
by b'- and b'- by —bi for i = 1,2,3,4. Thus, by the same argument as in the case 
for (/3, l3g) = -2, we have either bf + 2bib[ = for all i = 1, 2, 3, 4 or 6f + 2bib'^ = 
1, ^2 + 26262 = —1, and 63 = 64 = 0. In the first case, we have 6^ = and bf = 1 for 
all i = 1,2,3,4, that means (ii) holds. For the later cases, we have 61 = 1,6^ = 0, 
62 = 1, 62 = -1, 63 = 64 = 0, and 63^ + b'^ = 1 and thus (iii) holds. □ 



Proposition 7.23. By rearranging the indices if necessary, we have 
M = span 



M n [/, ^(ai + 02 + 03 + 04), \{oi'i + a'2 + 03 + 04) 
\{ai + a2 + 0.2 + 04), i(ai + 03 + "2 + "3) 



and 

N = Mg = span^ 



NnU, i(/3i +P2 + P3 + P4), +P2 + P3 + /?4), 

lWl+P2+/3'2 + Pd^U^l+P3+P2+P3) 

where Pi = Oig and P[ = a[g for all i = 1,2, 3, 4. 
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Proof. By (j7.22p . the norm 4 vectors in M \(U D M) are of the form 



— (±ai lb 02 ± as ± 04), — (iba'^ it a2 ± 0^3 ± a'^, or — (itaj it it a^- it a^), 

where A; are distinct elements in {1,2,3,4}. 

Since M ^ EE^ and f/nM ^ (-4^1 the cosets of M/(C/nM) can be identified 
with the codewords of the Hamming [8,4,4] code H^. 

Let (p : M/{U Ci M) — > be an isomorphism of binary codes. For any (3 G M, 
we denote the coset (3 + U ^ M/{U n M) by (3. We shall also arrange the index set 
such that the first 4 coordinates correspond to the coefficient of \ai, ^02, ^03 and 
^04 and the last 4 coordinates correspond to the coefficient of ^a'l, 5025 

Since (1, . . . , 1) G Hg, we have 

-(ai + 02 + 0:3 + 04 + a'l + a2 + "3 + "4) ^ 
We shall also show that |(ai+a2+a3+a4) G and hence |(ax+a2+a3+a4) G 

M. 

Since M/(M n ?7) = Hs, there exist /?i , /32 , /^s , /34 G M \ {U n M) such that 
(/9(/92), '/'(/^a), 9?(/?4) generates the Hamming code Hg. By (j7.22|) . their pro- 
jections to the last 4 coordinates are all even and thus spans an even subcode of 
Z|, which has dimension < 3. Therefore, there exists 01,02,03,04 G {0,1}, not all 
zero such that ip{aif3i + 02^52 + 03^3 + 04^4) projects to zero and so must equal 
(11110000). Therefore, ^(ai + 02 + as + "4) G M. 

Since \M/{U n M)| = 2^, there exists (3' = ^{ui + aj + a'j + a'^) and P" = 
^{am + a„ + + a^) such that 

M = span^ < M n [/, -{ai + 02 + as + "4), -(a'l + ^'2 + ag + 04), /3', /3' 
Note that 

/3' + P" = ^((oj + a,- + am + ctn) + {a'j + a'j^ + + a^)). 
2 

Let A:= {{i, j} U {m, n}) - {{i, j} D {m, n}) and A' := {{j, k} U {n, ^}) - {{j, k} n 
{n,£}). We shall show that \{i, j} D {m,n}\ = \{j,k} D {n,i}\ = 1 and |yln^'| = 1. 

Since ip{P' + P") G Hs but ip{P' + 0") ^ span2;2{(11110000), (00001111)}, by 
diss), we have 

P' + P" G ^(ap + aq + ap + a^)+ Mr\U, 

for some p,q £ m, n}, p, r G {j, fe, n, £} such that p, q, r are distinct. 

That means ^{ai+aj + am+dn) G |(ap-|-aq)-|-Mn[/ and ^(a^-f-a'^-|-a'„-|-a'^) G 
i(ap + a^) + M n?7. It implies that A = ({i, j} U {m, n}) - {{i, j}n{m,n}) = {p,q} 
and A' = {{j,k} U {n,£}) - {{j,k} D {n,£}) = {p,r}. Hence, \{i,j} D {m,n}| = 
\{j,k} n{n,e}\ = 1 and \AnA'\ = 1. 
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By rearranging the indices if necessary, we may assume /?' = ^(ai+ 02+02 + 04) 
f3" = |(ai + Q3 + a'2 + a's) and hence 



M nU, i(ai + 02 + 03 + 04), ^{a[ + a'2 + 03 + 04), 1 
^(ai + a2 + 03 + 04), ^(ai + as + a'j + 03) J 

Now let /3i = aig and /J^' = a'^f? for all i = 1, 2, 3, 4. Then 

' Nr\U, + /32 + /33 + /34), Wi + /?2 + /33 + /?4), ' 

^(/3l +^2+P'2+ P'i), + /33 + + 



M = span^ 



N = Mg = span^ 



as desired. □ 

Next we shall show that L contains a sublattice isomorphic to a tensor product 
(g) A^. 

Notation 7.24. Take 

70 := + "2 + "2 - "4), 

71 := «1: 

72 := - ^(ai + a2 + "3 + "4), 

73 := "3, 

74 := - ^(03 - 04 + "2 - "4) 

in M (cf. ([723])) and set R := span2;{7i, 72, 73, 74}- Then R ^ ^^4. Note that 
70 = -(71 + 72 + 73 + 74)- 

Lemma 7.25. For any i = 0, 1, 2, 3, 4 and j = 1, 2, 3, 4, we have 

(i) {li^Ha) = (7i,7i5^) = -2 and (7i,7i5^) = (7^,7^5^) = 0; 
fii; (7j_i,7jC/) = (7j_i,7j5('^) = 1 and 
(7j__i,7j5(2) = (7j_i,7j5,3) = 0; 

(in) {-ti,"1jg^) = /or any k if \i - j\ > 1 
(iv) 7iZ[L>] ^ ^^4. 
Proof. Straightforward. □ 

Proposition 7.26. Let T = RZ[D]. Then T = ^4 (g) ^4. 

Proof. By (iv) of (H^S]), -f^Z[D] = span^{j^g^ | j = 0, 1, 2, 3, 4} ^ AA4. 

Let {61,62,63,64} be a fundamental basis of A4 and denote 60 = —(61 + 62 + 
63 + 64). Now define a linear map (/? : T — > ^4 A4 by ip{'yig^) = 6^ 6j, for 
i,j = 1,2,3,4. By the inner product formulas in (I7.25|) . 

(7ifi'^7fc/) = {li,lk9'~^) = { ,~ Zl 7,''' '^i' . I'l _ 

'|>L 

Hence, (7ifi'-', 7fc(7*) = (ei (g 6j,6A: (g 6^) for all i,j,k,i and is an isometry. □ 



f 

4 


if i = 


kj = i, 


-2 


if i = 


k,\j-£\ 


< 

1 


\i\i- 


k\ = lAj 




V 


\i\i- 


k\ > 1, \j 
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A General results about lattices 



Lemma A.l. Let p he a prime number, f{x) := 1 + x + + ■ ■ ■ + ^ . Let L he 

a Ij[x]-module. For v & L, pv & L{x — 1) + Lf{x). 

Proof. Wc may write f{x) = Yl^I^ x^ = ^^=0 ((^ - 1) + 1)' = (x - l)h{x) + p, for 
some h{x) £ Z[x]. Then if v £ L, pv = v{f{x) — [x — l)h{x)). □ 

Lemma A. 2. Suppose that the four group D acts on the ahelian group A. If the 
fixed point suhgroup of D on A is 0, then A/Tel{A, D) is an elementary ahelian 
2-group. 

Proof. Let a £ A and let r G D. We claim that a(r + 1) is an eigenvector for 
D. It is clearly an eigenvector for r. Take s G -D so that D = {r,s). Then 
a{r + l)s = a{r + + 1) — a(r + 1) = — a(r + 1) since a(r + + 1) is a fixed 
point. So, a(r + 1) is an eigenvector for D. 

To prove the lemma, we just calculate that a(l + r) + a(l + s) + a(l + rs) = 
2a + a(l + sr + s + rs) = 2a since a(l + sr + s + rs) is a fixed point. □ 

Lemma A. 3. Suppose that X is a lattice of rank n and Y is a sublattice of rank 
m. Let p he a prime numher. Suppose that the p-rank ofV{X) is r. Then, {Y fl 
pX* )/(y n pX) has p-rank at least r + m — n. In particular, the p-rank ofDiY) is 
at least r -\- m — n; and if r -\- m > n, then p divides det{Y). 

Proof. We may assume that y is a direct summand of X. The quadratic space 
X/pX has dimension n over ¥p and its radical pX* /pX has dimension r. The image 
of Y in X/pX is Y -\-pX/pX , and it has dimension m since y is a direct summand of 
X. Let q be the quotient map X/pX to {X / pX) / {pX* / pX) ^ X/pX* ^ p" . Then 
dim{q{Y -\-pX/pX)) < n — r, so that dim{Ker{q) fl {Y -\-pX/pX)) > m — (n — r) = 
r -\- m — n. 

We note that Ker{q) = pX* jpX, so the above proves r + m — n < rank{{Y n 
pX*)+pXlpX) = rank{YnpX*)/{YnpX*npX)) = rank{{YnpX*)/{YnpX)) = 
rank{{Y n pX*)/pY). Note that {Y n pX*)/pY ^ {^Y n X*)/Y < Y*/Y, which 
implies the inequality of the lemma. □ 

Lemma A. 4. Suppose that Y is an integral lattice such that there exists an integer 
r > so that T>{Y) contains a direct product of rank{Y) cyclic groups of order r. 
Then -^Y is an integral lattice. 

Proof. Let y < X < y* be a sublattice such that X/Y ^ (Z^)^'*"*^^. Then xeX 
if and only if rx G Y. Let y,y' € Y. Then {^y,^y') = {^y^y') G {X,Y) < 

(y*,y) = z. □ 

Lemma A. 5. Suppose that X is an integral lattice and that there is an integer 
s > 1 so that is an integral lattice. Then the suhgroup sT>{X) is isomorphic 

to V{^X) and V{X)/sV{X) is isomorphic to s™"'=(^). 
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Proof. Study the diagram below, in which the horizontal arrows are multiplication 
by -y=. The hypothesis implies that the finite abelian group 'D{X) is a direct sum 
of cyclic groups, each of which has order divisible by s. 

X* — > -^X* 

I I 
sX* — > ^X*. 

X — > -^x 

We take a vector a G M(8)-'^ and note that a G {-^X)* if and only if (a, -^X) ^ ^ 
if and only if X) < Z if and only if -^a G X* if and only if a G ^/sX*. This 
proves the first statement. The second statement follows because 'D{X) is a direct 
sum of rank{X) cyclic groups, each of which has order divisible by s. □ 

Lemma A. 6. Let y be an order 2 isometry of a lattice X. Then X/Tel{X,y) is 
an elementary abelian 2-group. Suppose that X/Tel{X,y) = 2'^. Then we have 
det{X+ {y))det{X- {y)) = 2'^''det{X) and for e = ±, the image of X in 
is 2^^. In particular, for e = it, det{X^{y)) divides 2'^det{X) and is divisible by 2^. 
Finally, c < rank{X'^ (y)) , for e = ±, so that c < ^rank{X) . 

Proof. See [GrE8]. □ 

Lemma A. 7. Suppose that t is an involution acting on the abelian group X . Sup- 
pose that Y is a t-invariant subgroup of odd index so that t acts on X/Y as a scalar 
c G {±1}- Then for every coset x + Y ofY in X, there exists u & x + X so that 
ut = cu. 

Proof. First, assume that c = 1. Define n := + then take u := nx{t+l). 

This is fixed by t and u = 2nx = x{modY). 

If c = — 1, apply the previous argument to the involution —t. □ 

Lemma A. 8. If X and Y are abelian groups with \X : Y\ odd, an involution r acts 
on X, and Y is r-invariant, then X/Tel{X,r) = Y/Tel(Y,r). 

Proof. Since X/Y has odd order, it is the direct sum of its two eigenspaces for the 
action of r. Use ([ATll to show that Y+Tel{X, r) = X and YnTel{X, r) = Tel{Y, r). 

□ 

Lemma A. 9. Suppose that X is an integral lattice which has rank m > 1 and 
there exists a lattice W , so that X < W < X* and W/X = 2*", for some integer 
r > 1. Suppose further that every nontrivial coset of X inW contains a vector with 
noninteger norm. Then r = 1. 

Proof. Note that if u + X is a nontrivial coset of X in W, then (u, u) G ^ + 

Let (j) : X ^ Y he an isometry of lattices, extended linearly to a map between 
duals. Let Z be the lattice between X J-Y and W _L (l){W) which is diagonal with 
respect to 0, i.e., is generated hy X ± Y and all vectors of the form {x,x(j)), for 
x €W. 

Then Z is an integral lattice. In any integral lattice, the even sublattice has 
index 1 or 2. Therefore, r = 1 since the nontrivial cosets of X J- Y in Z are odd. □ 
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Lemma A. 10. Suppose that the integral lattice L has no vectors of norm 2 and 
that L = M + N, where M ^ N ^ EEs- The suhlattices M,N,F = M (1 N are 
direct summands of L = M + N. 

Proof. Note that L is the sum of even lattices, so is even. Therefore, it has no 
vectors of norm 1 or 2. Since M by definition defines the summand S of negated 
vectors by tM, we get S = M because M < S < and the minimum norm of L 
is 4. A similar statement holds for N. The sublattice F is therefore the sublattice 
of vectors fixed by both tM and tjv, so it is clearly a direct summand of L. □ 

Lemma A. 11. D = Dike, (g) = 03(D) and t is an involution in D. Suppose that 
D acts on the abelian group A, 3A = and A{g — 1)^ = 0. Let e = ±1. If v E A 
and vt = ev, then v{g — l)t = —sv{g — 1). 

Proof. Calculate v{g - l)t = vt{g-^ - 1) = ev{g-^ - 1). Since {g - if = 0, 
g acts as 1 on the image of — 1, which is the image of {g~^ — 1). Therefore, 

ev{g-^ - 1) = ev{g-^ - l)g = ev{l - g) = -ev{g - 1). □ 

Lemma A. 12. Suppose that X is an integral lattice and Y has finite index, m, in 
X. ThenV{X) is a subquotient ofViY) and \'D{X)\m? = \'D{Y)\. The groups have 
isomorphic Sylow p- subgroups if p is a prime which does not divide m. 

Proof. Straightforward. □ 

Lemma A. 13. Suppose that X is a lattice, that Y is a direct summand and Z := 
annx{Y). Let n := \X : Y ± Z\. 

(i) The image of X inV{Y) has index dividing {det{Y) , det{X)) . In particular, 

if {det{Y),det{X)) = 1, X maps onto T>{Y) 

(ii) Let A := annx*{Y). Then X*/{Y ^ A) ^ V{Y). 

(Hi) There are epimorphisms of groups ip\ : T>{X) X* /{X + A) and ip2 : 
V{Y) X*/{X + A). 

(iv) We have isomorphisms Ker{(pi) = (X + A)/X and Ker{(p2) — V'(^)/^ — 
X/{Y ± Z). The latter is a group of order n. 

In particular, Im{ipi) = Im{ip2) has order ^det{Y). 

(v) Ifp is a prime which does not divide n, then Op(T>{Y)) injects into Op{V{X)). 
This injection is an isomorphism onto if {p,det{Z)) = 1. 

Proof, (i) This is clear since the natural map tp : X* — ^ Y* is onto and X has 
index det{X) in X* . 

(ii) The natural map X* Y* followed by the quotient map ( : Y* ^ Y* /Y 
has kernel Y J. A. 

(iii) Since I'(^) = X* /X, we have the first epimorphism. Since X + A> Y + A, 
existence of the second epimorphism follows from (ii). 

(iv) First, Ker((tjj) = Y J- A follows from (ii) and the definitions of ip and 
So, Keri^i) ^ {X + A)/{Y + A). Note that {X + A)/{Y + A) = {X + {Y + A))/{Y + 
A) ^ X/{{Y + A)nX) = X/{Y + Z)). The latter quotient has order n. For the 
order statement, we use the formula \Im{'ip)\\Ker{'ip)\ = \T>{Y)\. For the second 
isomorphism, use Y* ^ X*/A and V{Y) = Y*/Y ^ {X*/A)/{{Y + A)/ A) and note 
that in here the image of X is ((X + A)/A)/{{Y + A) /A) ^ {X + A)/{Y + A). 
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(v) Let P be a Sylow p-subgroup oiT>{Y). Then PnKer{iJj) = since {p, n) = 1. 
Therefore P injects into Im{ip). The epimorphism (/? has kernel A/Z = T>{Z). So, 
P is isomorphic to a Sylow p-subgroup of ^{X) if {p,det{Z)) = 1. □ 

Lemma A. 14. Suppose that X is an integral lattice and E is an elementary ahelian 
2-group acting in X. If H is an orthogonal direct summand of Tel{X, E) and H is 
a direct summand of X, then the odd order Sylow groups ofT>{H) embed in 'D{X). 
In other notation, 02'(T>{II)) embeds in 02'{T>{X)) 

Proof. Apply ()A.13P to Y = H, n a divisor of \X : Tel{X, E)\, which is a power of 
2. □ 

Lemma A. 15. Suppose that X is a lattice and Y is a direct summand and Z := 
annx{Y). Let n := \X : Y ± Z\. 

Suppose that v E X* and that v has order m modulo X. If {m,det{Z)) = 1, 
there exists w £ Z so that v — w £ Y* f] X* . Therefore, the coset v + X contains 
a representative in Y* . Furthermore, any element of Y* r\ {v + X) has order m 
modulo Y . 

Proof. The image of v in T>{Z) is zero, so the restriction of the function f to Z is the 
same as taking a dot product with an element of Z. In other words, the projection 
of V to Z* is already in Z. Thus, there exists w £ Z so that v — w£ annx*{Z) = Y* . 

Define u := v — w. Then mu = mv — mw £ X. Since v — w £ Y* , mu £ Xr\Y* , 
which is Y since y is a direct summand of X. 

Now consider an arbitrary u £ {v + X) n Y* . We claim that its order modulo Y 
is m. There is x G X so that u = x + v. Suppose k > {). Then ku = kx + kv is in 
X if and only if kv £ X , i.e. if and only if m divides k. □ 

Lemma A. 16. Let D be a dihedral group of order 2n, n > 2 odd, and Y a finitely 
generated free abelian group which is a Z[D]-module, so that an element 1 ^ g £ 
D of odd order acts with zero fixed point subgroup on Y . Let r be an involution 
of D outside Z(D). Then Y/Tel{Y,r) is elementary abelian of order 22''""'^(^). 
Consequently, det{Tel{Y,r)) = 2™"'^(^)det(y). 

Proof. The first statement follows since the odd order g is inverted by r and acts 
without fixed points on Y . The second statement follows from the index formula 
for determinants. □ 

Lemma A. 17. Suppose that X = Eg and that Y is a sublattice such that X/Y = 
3^ and Y = ^/?>E^. Then there exists an element g of order 3 in 0{X) so that 
X{g — 1) = Y . In particular, Y defines a partition on the set of 24-0 roots in X 
where two roots are equivalent if and only if their difference lies in Y . 

Proof. Note that Y has 80 nontrivial cosets in X and the set <I> of roots has 
cardinality 240. Let x, y E $ such that x — y £Y and x, y are linearly independent. 
Then 6 < (x — y, x — y) = 4 — 2{x,y), whence |(x,y)| < 2. Therefore (x,y) = — 1, 
since x, y are linearly independent roots. Let z be a third root which is congruent 
to X and y modulo Y. Then (x,z) = — 1 = {y,z) by the preceding discussion. 
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Therefore the projection of z to the span of x, y must be —x — y, which is a root. 
Therefore, x + y + z = 0. 

It follows that a nontrivial coset of y in X contains at most three roots. By 
counting, a nontrivial coset of y in X contains exactly three roots. 

Let P := span{x,y} = A2, Q := annx{P)- We claim that F < P _L Q, 
which has index 3 in X. Suppose the claim is not true. Then the structure of 
P* means that there exists r G y so that (r, x — y) is not divisible by 3. Since 
X — y G Y, we have a contradiction to y = V^Eg. The claim implies that gp, 
an automorphism of order 3 on P, extended to X by trivial action on Q, leaves Y 
invariant (since it leaves invariant any sublattice between P ± Q and P* _L Q*). 
Moreover, X{gp — 1) = Z(a: — y). 

Now take a root x' which is in Q. Let y' ,z' be the other members of its equiv- 
alence class of x' . We claim that these are also in Q. We know that x' — y' ^Y < 
P -L Q, so P' := span{x' , y' , z'} < P ± Q. Now, we claim that the projection of 
P' to P is 0. Suppose otherwise. Then the projection of some root u £ P' to P 
is nonzero. Therefore the projection is a root, i.e. u & P. But then u is in the 
equivalence class of x or —x and so P' = P, a contradiction to {x', P) = 0. 

We now have that the class of x' spans a copy of A^vaQ. We may continue this 
procedure to get a sublattice U = Ui ^- U2 1- f/3 -L f/4 of X such that Ui = A2 for 
of X with the property that if gi is an automorphism of order 3 on Ui extended to 
X by trivial action on annx{Ui), then each U{gi — 1) <Y and, by determinants, 
9 ■= 91929394 satisfies U{g-1) = Y. □ 

Proposition A. 18. Suppose that T = A2 'Si Eg. 

(i) Then V{T) = 3^ and the natural ^7j/7j-valued quadratic form has maximal 
Witt index; in fact, there is a natural identification of quadratic spaces T>{T) with 
Eg/SEg, up to scaling. 

(ii) Define Ok := {X\T < X < T*,X is an integral lattice, dim{X /T) = k} 
(dimension here means over ¥3). 

(a) Ok is nonempty if and only if < k < 4; 

(b) Ok consists of even lattices for each k, < k < 4; 

(c) On T* /T, the action of g, the isometry of order 3 onT corresponding to an 
order 3 symmetry of the A2 tensor factor, is trivial. Therefore any lattice between 
T and T* is g-invariant. 

(Hi) the lattices in Ok embed in Eg ± Eg. For a fixed k, the embeddings are 
unique up to the action of 0{Es -L Eg). 

(iv) the lattices in Ok are rootless if and only if k = 0. 

Proof, (i) This follows since the quotient T*/T is covered by where P = V^Eg 
is annxiE), where E is one of the three ^J-Eg-sublattices of T. 

(ii) Observe that X € Ok if and only if X/T is a totally singular subspacc of 
T)(T). This implies (a). An integral lattice is even if it contains an even sublattice 
of odd index. This implies (b). For (c), note that T*/T is covered by |P and 
P{g - 1) < T{g - 1)2 = 3T. Hence g acts trivially on V{T) = T*/T. This means 
any lattice Y such that T < y < T* is (7-invariant. 

(iii) and (iv) First, we take X & O4 and prove X = Eg ± Eg. Such an X is even, 
unimodular and has rank 16, so is isometric to HSiq or Eg ± Eg. Since X has a fixed 



48 



point free automorphism of order 3, X = Eg -L Eg. Such an automorphism fixes 
both direct summands. Call these summands Xi and X2. Define Yi := Xi{g — 1), 
for i = l,2. Thus, Yi ^ V^Es- 

The action of g on Xi = Eg is unique up to conjugacy, namely as a diago- 
nally embedded cyclic group of order 3 in a natural 0(^42)^ subgroup of 0{Xi) = 
Weyl{Es) (this follows from the corresponding conjugacy result for 0+(8,2) = 
Weyl{Es)/Z{Weyl{Es)). 

We consider how T embeds in X. Since \X : T\ = 3^, \Xi : T n Xi\ divides 3*^. 
Since T Ci Xi > Xi{g — 1) and T has no roots, ()A.17|) implies that T Ci Xi = Yi, for 
i = 1,2. 

li U e Ok, T < U < X, then rootlessness of U imphes that U n Xi = Yi for 
i = 1,2. Therefore, U = T, i.e. A; = 0. □ 

Lemma A. 19. Let q be an odd prime power and let {V,Q) be a finite dimensional 
quadratic space overWq. Let c be a generator of¥^ . 

If dim {V) is odd, there exists g G GL{V) so that gQ = (?Q. 

If dimiy) is even, there exists g G GL{V) so that gQ = cQ. 

Proof. The scalar transformation c takes Q to c^Q. This proves the result in case 
dim{Q) is odd. Now suppose that dim{V) is even. 

Suppose that V has maximal Witt index. Let V = U (BV , where U, U' are each 
totally singular. We take g to he c on U and 1 on U' . 

Suppose that V has nonmaximal Witt index. The previous paragraph allows us 
to reduce the proof to the case dim{V) = 2 with V anisotropic. (One could also 
observe that if we write V as the orthogonal direct sum of nonsingular 2-spaces, the 
result follows from the case dim{V) = 2.) Then V may be identified with Fg2 and 
Q with a scalar multiple of the norm map. We then take g to be multiplication by 
a scalar b £ Fq2 such that b'^^^ = c. □ 

B Characterizations of lattices of small rank 

Some results in this section are in the literature. We collect them here for conve- 
nience. 

Lemma B.l. Let J be a rank 2 integral lattice. If det{J) £ {1,2,3,4,5,6}, then J 
contains a vector of norm 1 or 2. If det{J) £ {1,2}, J is rectangular. If J is even, 
J = Ai±Ai or A2. 

Proof. The first two statements follows from values of the Hermite function. Sup- 
pose that J is even. Then J has a root, say u. Then annj{u) has determinant 
^det{J) or 2det{J). If annj{u) = ^det{J), then J is an orthogonal direct sum 
Zu _L Zv, for some vector v £ J. For det{J) to be at most 6 and J to be even, 
{v,v) = 2 and J is the lattice Ai _L ^1. Now assume that annj{u) has determinant 
2det{J), an integer at most 12. Let f be a basis for annj{u). Then ^(u + v) £ J 
and so \{2 + {v,v)) E 2Z since J is assumed to be even. Therefore, 2 -|- [v, v) £ 8Z. 
Since {v,v) < 12, {v,v) = 6. Therefore, |(ii -|- v) is a root and we get J = ^2- D 
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Lemma B.2. Let J be a rank 3 integral lattice. If det{ J) G {1,2,3}, then J is 
rectangular or J is isometric to Z _L A2. // det[J) = A, J is rectangular or is 
isometric to A^. 

Proof. If J contains a unit vector, J is orthogonally decomposable and we are 
done by (|Bl]) . Now use the Hermite function: F(3, 2) = 1.67989473 . . . , i?(3, 3) = 
1.92299942 ... and F(3, 4) = 2.11653473 .... We therefore get an orthogonal de- 
composition unless possibly det{J) = 4 and J contains no unit vector. Assume that 
this is so. 

If I'(J) is cyclic, the lattice K = J + 2J* which is strictly between J and J* 
is integral and unimodular, so is isomorphic to Z^. So, J has index 2 in Z^, and 
the result is easy to check. If I'(J) = 2 x 2, we are done by a similar argument 
provided a nontrivial coset of J in J* contains a vector of integral norm. If this fails 
to happen, we quote (IA.9j) to get a contradiction. □ 

Lemma B.3. Suppose that X is an integral lattice which has rank 4 and determi- 
nant 4- Then X embeds with index 2 in Z^. If X is odd, X is isometric to one of 
2Z _L Z^,Ai ±Ai± I?,A^ _L Z. If X is even, X ^ D4. 

Proof. Clearly, if X embeds with index 2 in Z'*, X may be thought of as the 
annihilator mod 2 of a vector id E Z of the form (1, . . . , 1, 0, . . . , 0). The isometry 
types for X correspond to the cases where the weight of w is 1, 2, 3 and 4. It 
therefore suffices to demonstrate such an embedding. 

First, assume that T){X) is cyclic. Then X + 2X* is an integral lattice (since 
{2x,2y) = (4x,y), for x,y € X*) and is unimodular, since it contains X with 
index 2. Then the classification of unimodular integral lattices of small rank implies 
X + 2X* = Z^, and the conclusion is clear. 

Now, assume that T>{X) is elementary abelian. By (|A.9p . there is a nontrivial 
coset u + X oi X m X* for which {u, u) is an integer. Therefore, the lattice X' := 
X + Zn is integral and unimodular. By the classification of unimodular integral 
lattices, X' ^Z^. □ 

Theorem B.4. Let L be a unimodular integral lattice of rank at most 8. Then 
L ^ Z" or L^ Eg. 

Proof. This is a well-known classification. The article |GrE8] has an elementary 
proof and discusses the history. □ 

The next result is well known. The proof may be new. 

Proposition B.5. Let X be an integral lattice of determinant 3 and rank at most 
6. Then X is rectangular; or X = A2 -L Z™, for some m < A; or X = Eq. 

Proof. Let u € X*\X. Since 3^ G X, {u,u) G ^Z. Since det{X*) = \, {u,u) G 
i + Z or I + Z. 

Suppose {u,u) G I + Z. Let T = A2. Then we quote (|D.6p to see that there is 
a unimodular lattice, U, which contains X _L T with index 3. 

Suppose U is even. By the classification (lB.4p . U = Es- A well-known property 
of Eg is that all A2-sublattices are in one orbit under the Weyl group. Therefore, 
X^Eq. 
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If U is not even, U = Z", for some n < 8. Any root in Z" has the form 
(±1, ±1, 0, 0, . . . , 0, 0). It follows that every A2 sublattice of Z" is in one orbit 
under the isometry group 2 I Synin- Therefore X = annu{T) is rectangular. 

Suppose (u, u) G 1+^- Then we consider a unimodular lattice W which contains 
X _L WjV with index 3, where {v, v) = 3. By the classification, W = l7 . Any norm 3 
vector in Z" has the form (±1, ±1, ±1, 0, 0, . . . , 0) (up to coordinate permutation). 
Therefore, ann\/^{v) must be isometric to Z^ _L yl2- D 

Lemma B.6. If M is an even integral lattice of determinant 5 and rank 4, then 
M ^ A4. 

Proof. Let u G M* so that u + M generates 'D{M). Then {u,u) = |, where k is 
an integer. Since 5u G M, k is an even integer. Since iJ(4, i) = L029593054 . . . , 
a minimum norm vector in M* does not lie in M, since M is an even lattice. We 
may assume that u achieves this minimum norm. Thus, k G {2,4}. 

Suppose that /c = 4. Then we may form M _L li5v, where {v,v) = ^. Define 
w := u+v. Thus, P := M+Zw is a unimodular integral lattice. By the classification, 
P = Z^, so we identify P with Z^. Then M = annp{y) for some norm 5 vector y. 
The only possibilities for such y & P are (2, 1, 0, 0, 0), (1, 1, 1, 1, 1), up to monomial 
transformations. Since M is even, the latter possibility must hold and we get 
M ^ A4,. 

Suppose that k = 2. We let Q be the rank 2 lattice with Gram matrix 

So, det{Q) = 5 and there is a generator v G Q* for Q* modulo Q which has norm 
|. We then form M _L Q and define w := u + w. Then P := M + Q + 'Lw is an 
integral lattice of rank 6 and determinant 1. By the classification, P = Z^. In P, 
M is the annihilator of a pair of norm 3 vector, say y and z. Each corresponds in 
Z^ to some vector of shape (1,1,1,0,0,0), up to monomial transformation. Since 
M is even, the 6-tuples representing y and z must have supports which are disjoint 
3-sets. However, since (y, z) = 2, by the Gram matrix, we have a contradiction. □ 

Notation B.7. We denote by A1(4, 25) an even integral lattice of rank 4 and 
determinant 25. By (jB.Sp . it is unique. 

Lemma B.8. (i) There exists a unique, up to isometry, rank 4 even integral lattice 
whose discriminant group has order 25. 

(ii) It is isometric to a glueing of the orthogonal direct sum A2 -L \/5^2 iy 0, 
glue vector of the shape u + v, where u is in the dual of the first summand and 
{u,u) = |, and where v is in the dual of the second summand and has norm 

(Hi) The set of roots forms a system of type A2; in particular, the lattice does 
not contain a pair of orthogonal roots. 

(iv) The isometry group is isomorphic to Sym^ x Sym^ x 2, where the first factor 
acts as the Weyl group on the first summand in (Hi) and trivially on the second, the 
second factor acts as the Weyl group on the second summand of (Hi) and trivially 
on the first, and where the third direct factor acts as —1 on the lattice. 

(v) The isometry group acts transitively on (a) the six roots; (b) the 18 norm 4 
vectors; (c) ordered pairs of norm 2 and norm 4 vectors which are orthogonal; (d) 
length 4 sequences of orthogonal vectors whose norms are 2, 4, 10, 20. 
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(vi) An orthogonal direct sum of two such embeds as a sublattice of index 5^ in 

Es- 

Proof. The construction of (ii) shows that such a lattice exists and it is easy to 
deduce (iii), (iv), and (v). 

We now prove (i). Suppose that L is such a lattice. We observe that if the 
discriminant group were cyclic of order 25, the unique lattice strictly between L 
and its dual would be even and unimodular. Since L has rank 4, this is impossible. 
Therefore, the discriminant group has shape 5^. 

Since H{4, 25) = 3.44265186 . . . , L contains a root, say u. Define A'^ := anni^u). 
Since H{3, 50) = 4.91204199 . . . , N contains a norm 2 or 4 element, say v. 

Define R := Zu _L Zf and P := annL{R), a sublattice of rank 2 and determinant 
2{v, v) ■ 25. Also, the Sylow 5-group of 'D{P) has exponent 5. Then P = \/5 J, where 
J is an even, integral lattice of rank 2 and det{J) = 2(v, v). Since det{J) is even and 
the rank of the natural bilinear form on J/2J is even, it follows that J = ^/2K, for 
an integral, positive definite lattice K. We have det{K) = ^{v,v) G {1,2} and so 
K is rectangular. Also, P = ^/lQK. So, P has rectangular basis w, x whose norm 
sequence is 10,5(1;,?;) 

Suppose that {v, v) = 2. Also, L/{R _L P) = 2 x 2. A nontrivial coset of _L P 
contains an element of the form + \z, where y G span{u, v} and z G span{w^ x}. 
We may furthermore arrange for y = au + bv, z = cw + dx, where a, b,c,d G {0, 1}. 
For the norm of ^y + ^z to be an even integer, we need a = b = c = d = OoT 
a = b = c = d = l. This is incompatible with L/(i? _L P) = 2x2. Therefore, 
{v,v) = 4. 

We have L/{R 1. P) = 5^. Therefore, and ^x are in L* but are not in L 
Form the orthogonal sum L _L Zy, where (y, y) = 5. Define w := ^x + ^y- Then 
{w,w) = 1. Also, Q := L + TLw has rank 5, is integral and contains L _L Zy with 
index 5, so has determinant 5. Since ij; is a unit vector, S := annQ{w) has rank 
4 and determinant 5, so S" = A^. Therefore, Q = TLw _L S and L = annqiy) for 
some y G (5 of norm 5, where y = e + f , e £ Zw, / G 5. Since S has no vectors of 
odd norm, e / has odd norm. Since (y, y) = 5 and since (e, e) is a perfect square, 
(e, e) = 1 and (/, /) = 4. Since 0(^4) acts transitively on norm 4 vectors of A^, f 
is uniquely determined up to the action of 0{S). Therefore, the isometry type of L 
is uniquely determined. 

It remains to prove (vii). For one proof, use ()B.9p . Here is a second proof. We 
may form an orthogonal direct sum of two such lattices and extend upwards by 
certain glue vectors. 

Let Ml and M2 be two mutually orthogonal copies of L. Let u,v,w,x be the 
orthogonal elements of Mi of norm 2,4, 10,20 as defined in the proof of (i). Let 
u',v',w',x' be the corresponding elements in M2. Set 

J = -(w + X + x') and 7' = -fx + u;' + x'). 
5 5 

Their norm are both 2. By computing the Gram matrix, it is easy to show that 
E = span^jAfi, M2, 7, 7'} is integral and has determinant 1. Thus, E is even and 
so E^ Eg. □ 
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Lemma B.9. Let p be a prime which is l(mod 4)- Suppose that M,M' are lattices 
such that 'D{M) and D^M') are elementary ahelian p-groups which are isometric 
as quadratic spaces over ¥p. Let ip be such an isometry and let c G ¥p be a square 
root of —1. Then the overlattice N of M 1. M' spanned by the "diagonal cosets" 
{a + caip\a £ T>{M)} is unimodular. Also, N is even if M and M' are even. 

Proof. The hypotheses imply that N contains M + M' with index |(iet(M)|, so is 
unimodular. It is integral since the space of diagonal cosets so indicated forms a 
maximal totally singular subspace of the quadratic space V{M) _L V{M'). The last 
sentence follows since \N : M 1. M'\ is odd. □ 

Lemma B.IO. An even rank 4 lattice with discriminant group which is elementary 
abelian of order 125 is isometric to \/bA\. 

Proof. Suppose that L is such a lattice. Then det{V^L*) = 5. We may apply the 
result dniD to get ^/IL* ^^4.0 

Lemma B.ll. An even integral lattice of rank 4 o-nd determinant 9 is isometric to 

Proof. Let M be such a lattice. Since H{A, 9) = 2.66666666 ... and i/(3, 18) = 
3.494321858 . . . , M contains an orthogonal pair of roots, u, v. Define P := Zn _L 
Zv. The natural map M T^{P) is onto since {detM, detP) = 1. Therefore, 
Q := annM{P) has determinant 36 and the image of M in T){Q) is 2 x 2. Therefore, 
Q has a rectangular basis w, x, each of norm 6 or with respective norms 2, 18. 

We prove that 2, 18 does not occur. Suppose that it does. Then there is a 
sublattice N isometric to Af. Since there are no even integer norm vectors in 
A'^* \N, N is a direct summand of M. By coprimeness, the natural map of M to 
ViN) = 2^ is onto. Then the natural map of M to T){'Lx) has image isomorphic to 
2^. Since V{'Lx) is cyclic, we have a contradiction. 

Since M/{P _L Q) = 2 x 2 and M is even, it is easy to see that M is one of 
Ml := span{P, Q,^{u + vj), ^{v + x)} or M2 := span{P, Q, ^{u + x), ^{v + w)}. 
These two overlattices are isometric by the isometry defined hyu>-^u,v>-^v,w>-^ 
x,x ^ w. It is easy to see directly that they are isometric to A^. For example, 
Ml = span{u, x,^{u + x)} _L span{v, w,^{v + w)}. □ 

C Nonexistence of particular lattices 

Lemma C.l. Let X ^Z^. There is no sublattice of X whose discriminant group 
is 3 X 3. 

Proof. Let Y be such a sublattice. Its index is 3. Let e, / be an orthonormal basis 
of X. Then Y contains W := span{3e, 3/} with index 3. Let v ^Y \ W, so that 
Y = W + "Lv. If t> is e or /, clearly T){Y) is cyclic of order 9. We may therefore 
assume that v = e + foie — f. Then Y is spanned by 3e and e it /, and so its 
Smith invariant sequence 1,9. This final contradiction completes the proof. □ 

Lemma C.2. There does not exist an even rank 4 lattice of determinant 3. 
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Proof. Let L be such a lattice and let n G L* so that u generates L* modulo 
L. Then (n, u) = | for some integer /c > 0. Since L is even, k is even. Since 
H{A, \) = 1.169843567- • • < 4/3, we may assume that k = 2. 

We now form L _L Z(3f ), where {v, v) = |. Define w := u + v. The lattice P := 
L + is unimodular, so is isometric to Z^. Since det{M) = 3, M = annpijj) for 
some vector y of norm 3. This forces M to be isometric to ^2 -L Z^, a contradiction 
to evenness. □ 

Corollary C.3. There does not exist an even rank 4 lattice whose discriminant 
group is elementary ahelian of order 3^ . 

Proof. If M is such a lattice, then 2>M* has rank 4 and determinant 3. Now use 
([0211 . □ 

D Properties of particular lattices 

Lemma D.l. Suppose that M ^ is an SSD sublattice of Eg and that rank{M) < 
4. Then M contains a root, r, and annM{r) is an SSD sublattice of Eg of rank 
{rank{M) - 1). Also M ^ or D^. 

Proof. Let L := Eg. Let d := det(M), a power of 2 and k := rank{M). Note that 
V{M) is elementary abelian of rank at most k. li d = 2'^, then is unimodular, 

hence is isometric to Z'^, and the conclusion holds. So, we assume that d<2^. For 
n < 4 and d|8, it is straightforward to check that the Hermite function H satisfies 
H{n,d) < 4. Therefore, M contains a root, say r. 

Suppose that M is a direct summand of L. By ()2.8p . N := annMir) is RSSD 
in L, hence is SSD in L by (j2.7p and we apply induction to conclude that N is an 
orthogonal sum of Ais. So M contains M' an orthogonal sum of ^is with index 1 or 
2. Furthermore, det{M') = 2^ . If the index were 1, we would be done, so we assume 
the index is 2. Since (i > 1, d = 2, 4 or 8. By the index formula for determinants, 
2^ is a divisor of d. Therefore, d = 4 or 8. However, if d = 8, then det{M') = 32, 
which is impossible since rank{M') < 4. Therefore, d = 4 and rank{M') = 4. It is 
trivial to deduce that M = D4. 

We now suppose that M is not a direct summand of L. Let S be the direct 
summand of L determined by M. Then S is SSD and the above analysis says S is 
isometric to some A"^ or D4. The only SSD sublattices of A'^ are the orthogonal di- 
rect summands. The only SSD sublattices of D4 which are proper have determinant 
2^ and so equal twice their duals and therefore are isometric to Af. □ 

Lemma D.2. Suppose that M is an SSD sublattice of E^. Then M is one of the 
sublattices in Table [721 and Table [771 

Proof. We may assume that 1 < rank{M) < 7. First we show that M contains a 
root. 

If rank{M) < 4, this follows from ([DT]) . If rank{M) > 4, then N := anuLiM) 
has rank at most 4, so is isometric to one of A^ or D4. 
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Table 10: SSD sublattices of Eg which span direct summands 



Rank 


Type 


U 


U 


1 


A, 


2 




3 


Ai ±Ai L Ai 


4 


Ai ±Ai±Ai± Ai, Di 


5 


± Ai 


6 


De 


7 




8 


Es 



Table 11: SSD sublattices of Eg which do not span direct summands 



Rank 


Type 


contained in the summand 


4 


Ai±Ai±Ai± Ai 




5 


Ai' 


± Ai 


6 


Ai^, D4±Ai± Ai 




7 


Af^, ± Ai ± Ai ± Ai, Dq ± Ai 


E-j 


8 


De ±Ai 1. Ai, Ej ± Ai 


Es 



Suppose that rank{N) = 4. If = and so anni^N) = A\, which contains M 
and whose only SSD sublattices are orthogonal direct summands, so M = annL{N) 
and the result follows in this case. If iV ^ D4, then M^DiOi A\ by an argument 
in the proof of (|D.ip . 

We may therefore assume that rank(N) < 3, whence N = ^™"''^(^) g^j^d rank{M) > 
5. Furthermore, we may assume that rank{M) > rank(T>(M)), or else we deduce 
that M ^ It follows that det{M) is a proper divisor of 128. 

Note that T>{M) has rank which is congruent to rank{M) mod 2 (this follows 
from the index determinant formula plus the fact that T){M) is an elementary 
abelian 2-group). Therefore, since rank{M) < 7, det{M) is a proper divisor of 64, 
i.e. is a divisor of 32. 

For any d > 2, H{n,d) is an increasing function of n for n G [5, 00). For fixed 
n, H{n, d) is increasing as a function of d. Since H{7, 32) = 3.888997243 . . . , we 
conclude that M contains a root, say r. 

Since L/{M _L N) is an elementary abelian 2-group by ()A.6p . A-I ± N > 2L. 
Also, r + 2L contains a frame, F, a subset of 16 roots which span an ylf-sublattice 
of L. Since roots are orthogonally indecomposable in L, F = (FnM)U (FDN). It 
follows that M contains a sublattice M' spanned by F n M, M' = ^™"-'^'(^) ^ ^nd so 
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M is generated by M' and glue vectors of the form ^{a + b + c + d), where a, 6, c, d 
are hnearly independent elements of F PI M. It is now straightforward to obtain the 
list in the conclusion by considering the cases of rank 5, 6 and 7 and subspaces of 
the binary length 8 Hamming code. □ 

Lemma D.3. Let X ^ Dq and let e = {Y C X\ Y ^ DDq}. Then 0{X) acts 
transitively on ©. 

Proof. Let X = Dq and R = IX*. Since Dg/I^e = ^2 x Z2, we have X>R>2X 
and RI2X ^ BljD^ = Z2 x Z2. Thus, the index oiR xnX is 2^/22 = 2"^. 

Let " : X — XjlX be the natural projection. Then for any y G 6, F is a totally 
isotropic subspace of X. Note that RjlX is the radical of X and thus XjR = 1^ is 
nonsingular. Therefore, dim{Y + R)/R<2 and Y/{Y n i?) ^ (F + R)/R also has 
dimension < 2. 

First we shall show that Y > 2X and dimiY + R)/R = 2. Consider the tower 



Y >Y r\R>Y r\2X. 



Since Yr\R^-2X is doubly even but R is not, R ^ YnR+2X and {Yr\R+2X)/2X % 
R/2X. Thus (y n i? + 2X)/2X ^Y D R/Y n 2X has dimension < 1 and hence 

\Y -.Y r\2X\ = \Y -.Y r\ R\ ■ \Y r\ R -.Y r\2X\ <2^ . 

However, det{Y) = 2^ and det{2X) = 2^24 = 2^'^. Therefore, |y : yn2X| > 2^ and 
hence |y : y n 2X| = 2^. This implies y n 2X = 2X, i.e., Y > 2X. It also implies 
that \Y + R : R\ = \Y :Y nR\ = 2'^ and hence {Y + is a maximal isotropic 

subspace of X/R = 

Let 2X < M < X be such that M/2X is maximal totally isotropic subspace. 
Then M > R and is an integral lattice. Set Meven = {a e M\ i(a,a) e 2Z}. 

Then Mgygn is a sublattice of M of index 1 or 2. If Y is contained in such M, then 
y = Meven- That means y is uniquely determined by M. 

Finally, we shall note that the Weyl group acts on X/R as the symmetric group 
Syme. Moreover, SyniQ acts faithfully on X/R = Z2 and fixes the form ( , ), so 
it acts as Sp{4,2). Thus it acts transitively on maximal totally isotropic subspace 
and we have the desired conclusion. □ 

Lemma D.4. Let X = Dq and let Y = DDq be a sublattice of X. Then there exists 
a subset {771, . . . , rye} C X with {r)i, r)j) = 2dij such that 

Y = span^irji ±r]j\ i,j = 1, . . . ,6} 

and 

X = span^ r?2, m, ^("'Vi + '72 - % + m), ^(-% + ??4 - % + 

Proof. We shall use the standard model for Dq, i.e., 

Dq = {{xi,X2, ■ ■ ■ ,xq) G Z^I xi + ■ ■ ■ + xq = mod 2}. 
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Let /3i = (1, 1, 0, 0, 0, 0), h = (-1, 1, 0, 0, 0, 0), (3^ = (0, 0, 1, 1,0, 0), /?4 = (0, 0, -1, 1,0, 
/35 = (0,0,0,0,1,1), and /?6 = (0,0,0,0,-1,1). Then, (/3i,/3j) = 25^^ and 

W^ = span2;{A±/3j|i,i = 1,2,3,4,5,6} ^ DA- 

Note also that {(1, 1, 0, 0, 0, 0), (-1,1,0,0,0,0), (0,0,-1,1,0,0), (0,0,0,0,-1,1), 
(-1,0,-1,0,0,0), (0,0,-1,0,-1,0)} forms a basis for X (since their Gram matrix 
has determinant 4) . By expressing them in /3i , . . . , /Jg , we have 

X = span^ /32, A, /^e, \{-f3i + /?2 - /^s + Pa), \{-f3^ +^4-^5 + Pa) 

Let Y = DDq be a sublattice of X. Then by Lemma \D.3\ there exists g £ 0{X) 
such that Y = Wg. Now set iji = [3ig and we have the desired result. □ 

Lemma D.5. Let X ^ and let Y ^ DD^^ he a sublattice of X . Then Y = 2X* 
and hence X < ^Y. 

Proof. The radical of the form on X/2X is 2X*/2X. If W is any ^2-sublattice of 
X, its image in X/2X complements 2X* /2X. Therefore, every element of X \ 2X* 
has norm 2 (mod 4). It follows that Y < 2X* . By determinants, Y = 2X* . □ 

Lemma D.6. Let L be the A2-lattice, with basis of roots r,s. Let g G 0{L) and 
\g\ = 3. (i) Then L* = -^L and every nontrivial coset of L in L* has minimum 

norm |. All norms in such a coset lie m | + 2Z. (ii) If x is any root, annL{x) = 
1j{xg — xg^) and xg — xg"^ has norm 6. 

Proof, (i) The transformation g : r ^-^ s,s ^ —r — s is an isometry of order 
3 and h := g — g~^ satisfies h"^ = —3 and {xh,yh) = 3{x,y) for all x,?/ G Q (X" L. 
Furthermore, g acts indecomposably on L/3L = 3^. We have |L = Lh^^ > Lh^^ > 
L, with each containment having index 3 (since h'^ = —3). Since L* lies strictly 
between L and ^L and is (7-invariant, L* = Lh~^. 

Since L* = -^L, the minimum norm in L* is | by ()D.6p . The final statement 
follows since the six roots itr, its, ib(r + s) fall in two orbits under the action of {g), 
the differences rg^ — sg^ lie in 3L* and r and —r are not congruent modulo 3L* . 

(ii) The element xg — xg'^ has norm 6 and is clearly in anni,{x). The sublattice 
Zx _L Z(xg — xg'^) has norm 2 • 6 = 12, so has index 3 in L, which has determinant 
3. Since L is indecomposable, annL{x) is not properly larger than ^^{xg — xg^). □ 

Lemma D.7. Let X ^ A2 and let Y < X,\X : Y\ = 3. Then either Y = 3X* 

( 2 -3\ 

and its Smith invariant sequence 3, 9; or Y has Gram matrix I 1 o ) ; which has 

\-i i8y 

Smith invariant sequence 1,27. In particular, such Y has T>{Y) of rank 2 if and 
only ifY = 3X* . 

Proof. Let r, s, t be roots in X such that r + s+t = 0. Any two of them form a basis 
for X. The sublattices span{r,3s}, span{s,3t}, span{t,3r} of index 3 are distinct 
(since their sets of roots partition the six roots of X) and the index 3 sublattice 
3X* contains no roots. Since there are just four sublattices of index 3 in X, we 
have listed all four. It is straightforward to check the assertions about the Gram 
matrices. Note that 3X* = \/3X. □ 
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Proposition D.8. Suppose that M is a sublattice of L = Eg, that M is a direct 
summand of M, that M has discriminant group which is elementary abelian of order 
3^, for some s. Then M is 0, L, or is a natural A2, A2 -L A2, or Eq sublattice. 
The respective values of s are 0, 0, 1, 2 and 1. In case M is not a direct summand, 
the list of possibilities expands to include A2 -L A2 -L A2, A2 -L A2 -L A2 -L A2 and 
A2 -L Eq sublattices. 

Proof. One of M and annL{M) has rank at most 4 and the images of L in their 
discriminant group are isomorphic. Therefore, s < 4. If s were equal to 4, then 
both M and annL{M) would have rank 4, and each would be isometric to \/3 times 
some rank 4 integral unimodular lattice. By ()B.4p . each would be isomorphic to 
•\/3Z^, which would contradict their evenness. Therefore, s < 3. 

The second statement is easy to derive from the first, which we now prove. 

We may replace M by its annihilator in L if necessary to assume that r := 
rank{M) < 4. Since M is even and det(M) is a power of 3, r is even. We may 
assume that r > 2 and that s > 1. li r = 2, M = A2 (IB.ip . We therefore may and 
do assume that r = 4. 

For s E {1,3}, we quote ()C.2p and ()C.3p to see that there is no such M. If s = 2 
we quote (fETT]) to identify M. □ 

Proposition D.9. Suppose that M is a sublattice of L = Eg, that M is a direct 
summand, that M has discriminant group which is elementary abelian of order 5^ , 
for some s < 4. Then M is 0, a natural A^ sublattice, the rank 4 lattice M(4, 25) 
(cf. (K^), the rank 4 lattice \/5Al ^ ^4(1) (cf [Dl^) ) or L. The respective 
values of s are 0, 1, 2, 3 and 0. 

Proof. We may replace M by its annihilator in L if necessary to assume that 
r := rank{M) < 4. Since M is even and det(M) is a power of 5, r is even. We 
may assume that r > 2 and that s > 1. If r = 2, det{M) = 3(mod4) (consider the 

form of a Gram matrix ^ , which has even entries on the diagonal and odd 

determinant, whence b is odd). This is not possible since det{M) is a power of 5. 
We therefore may and do assume that r = 4. 

Suppose that s = 4, i.e., that V{M) = 5^. Then M = \/^J, where J is an 
integral lattice of determinant 1. Then J = i/'<^'^K'^) ^ which is not an even lattice. 
This is a contradiction since M is even. We conclude s = rank{T>{M)) < 3. If s = 0, 
M is a rank 4 unimodular integral lattice, hence is odd by ()B.4[) . a contradiction. 
Therefore, 1 < s < 3. The results ()R6]l . (iRSl) and (iBTOl) identify M. □ 

Notation D.IO. The lattice ^4(1) is defined by the Gram matrix 



/4 


-1 


-1 


-1\ 


-1 


4 


-1 


-1 


-1 


-1 


4 


-1 




-1 


-1 


4/ 



It is spanned by vectors f 1 , • • • , f 5 which satisfy vi + V2 + + V4 + = and 
{vi,Vj) = — 1 + 55ij. Its isometry group contains Sym^ x (—1). 
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Lemma D.ll. Suppose that u is a norm 4 vector in an integral lattice U where D 
acts as isometrics so that 1+5+5^ + 5'^ +5^ acts as 0. Then one of three possibilities 
occurs. 

(i) The unordered pair of scalars {u,ug) = {u,g'^u) and {u,ug'^) = {u,ug^) equals 
the unordered set {0, —2}; or 

(a) The unordered pair of scalars {u,ug) = {u,g'^u) and {u,ug^) = {u,ug^) 
equals the unordered set {—3, 1}; or 

(Hi) {u,ug) = {u,ug'^) = {u,ug^) = {u,g'^u) = -1. 

The isometry types of the lattice span{u, ug, ug^ , ug'^ , ug'^} in these respective 
cases are ^^4,^4,^4(1). 

Proof. Straightforward. □ 

Lemma D.12. Let X ^ ^4(1) iDJU) . Then 

(i) X is rootless and contains exactly 10 elements of norm 4; 
(a) Suppose u £ X has norm 4- Then anux (n) ^ V5A3. 

(Hi) 0{X) = 2 X Sym^; furthermore, if X^ is the set of norm 4 vectors and O is 
an orbit of a subgroup of order 5 in 0{X) on X4, then the subgroup of 0{X) which 
preserves O is a subgroup isomorphic to Sym^, and is the subgroup generated by all 
reflections. 

(iv) Suppose that Y = A/j^ and that g £ 0(Y) has order 5, then Y(g — 1) = X . 
Also, 0{Y) n 0{Y{g - 1)) = iVo(y)((5')) = 2 x 5:4, where the right direct factor is 
a Frobenius group of order 20. 

(v) D{X) is elementary abelian. 

Proof, (i) If the set of roots R'm X were nonempty, then R would have an isometry 
of order 5. Since the rank of R is at most 4, R would be an A4-system and so the 
sublattice of X which R generates would be A4, which has determinant 5. Since 
det{X) = 5^, this is a contradiction. 

By construction, X has an cyclic group Z of order 10 in 0{X) which has an 
orbit of 10 norm 4 vectors, which are denoted itwj in (jP.lOp . Suppose that w 
is a norm 4 vector outside the previous orbit. Let g £ Z have order 5. Then 
w + wg + wg'^ + wg^ + wg'^ = 0. Therefore = {v,w + wg + wg'^ + wg"^ + wg^), 
which means that there exists an index i so that {w,vg'') is even. Since vg'^ and w 
are linearly independent, {vg^,w) is not ±4 and the sublattice X' which vg^ and 
w span has rank 2. Since {vg\w) G {-2,0,2}, X' = AAi _L AAi or AA2. This 
contradicts ()A.3P (in that notation, n = 4, m = 2, p = 5, r = 3). 

(ii) Let K := annx{u). Since {u,u) = 4 is relatively prime to det{X), the 
natural map X T){'Lu) is onto. Therefore Zu _L K has index 4 in X. Hence 
detiZu ±K)= 42-53 and detK = 4-5^. Since < V{Zu ± K) = V{Zu)xV{K) 
and the Smith invariant sequence of X is 1,5,5,5, T)[K) contains an elementary group 
5^. Moreover, the image of X in T>(K) isomorphic to the image of X in 
which is isomorphic to Z4. Therefore, T>{K) = Z4 x Z5 by determinants. Hence, the 
Smith invariant sequence for K is 5, 5, 20 and so K = ^/5W, for an integral lattice 
W such that T>(W) = 4. Since X is even, W is even. We identify W with ^3 by 

(lEl. 



59 



(iii) We use the notation in the proof of (i). By (jP.lip . for any two distinct 
vectors of the form vg'', the inner product is —1, so the symmetric group on the 
set of ah vg'^ acts as isometrics on the Z-free module spanned by them, and on the 
quotient of this module by the Z-span oi v + vg + vg"^ + vg'^ + vg"^, which is isometric 
to X. 

Pairs of elements of norm 4 fall into classes according to their inner products: 
=b4, ±1. An orbit of an element of order 5 on X4 gives pairs only with inner products 
4,-1 (since the sum of these five values is 0). There are two such orbits and an 
inner product between norm 4 vectors from different orbits is one of —4, 1. The 
map —1 interchanges these two orbits. Therefore, the stabilizer of O has index 2 
in 0{X). It contains the map which interchanges distinct vg"^ and vg^ and fixes 
other vg^ in the orbit. Such a map is a refiection on the ambient vector space. 
Since Sym^ has just two classes of involutions, it is clear that every reflection in 
0{X) = (-1) X Staho[x){0) is contained in Staho[x){0). 

(iv) We have Y{g — 1) = spanz{vg^ — vg^\i,j G Z}. By checking a Gram matrix, 
one sees that it is isometric to X. We consider 0{Y) n 0{Y{g — 1)), which clearly 
contains -^o(i')((fl'))- We show that this containment is equality. We take for Y 
the standard model, the set of coordinate sum vectors in Z^. Take v G Y{g — 1), 
a norm 4 vector. It has shape (1,1,-1,-1,0) (up to reindexing). The coordinate 
permutation t which transposes the last two coordinates is not in 0{Y{g — 1)) (since 
v{t — 1) has norm 2). Therefore 0{Y) does not stabilize Y{g — 1). Since No(y){{9)) 
is a maximal subgroup of 0(Y), it equals 0{Y) n 0{Y{g — 1)). 

(v) Since ^4(1) = V^A} by (|BTOl) . (^4(1))* = ^^4- Thus, 5^4(1)* < ^4(1! 
and P(A4(1)) is elementary abelian. □ 



Lemma D.13. Let X = ^4(1) be a sublattice of Eg. If X is a direct summand, 
then annEg{X) = ^44(1). 

Proof. . Let Y = Eg and let X = ^4(1) be a sublattice of Y. Since X is a 
direct summand, the natural map Y — > T>{X) is onto. Similarly, the natural map 
from Y I?(annY(X)) is also onto and these two images are isomorphic. Thus, 
'D(annY{X)) = 'D(X) = 5^. Hence, anny (X) is isomorphic to ^4(1) by (iBTOll .D 

Remark D.14. Note that ^4(1) can be embedded into Eg as a direct summand. 
Recall that 



^4(1) 
= span^l 

Then, 

(^4(1))* 

Let 



V5AI 
1 



V5 



-4), i=(l, 1, 1, -4, 1), i=(l, 1, -4, 1, 1), i=(l. 



-4,1,1,1)}. 



V5 



{Xi, . . . ,X5) 



E 

i=l 



and Xi G 



1,...,5 



Y = span^ < 



^4(1)^^4(1), ^(1,-1,0,0,0|2, -2,0,0,0) 
^ ^(0, 1, -1, 0, I 0, 2, -2, 0, 0), ^(0, 0, 1, -1, I 0, 0, 2, -2, 0, 
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Then Y is a rank 8 even lattice and \Y : ^4(1) _L ^4(1)! = 5^. Thus det{Y) = 1 
and Y = Eg. Clearly, ^4(1) is a direct summand by the construction. 

Remark D.15. We have 0{Eq) = Weyl{EQ) x (—1). Thus, outer involutions are 
negatives of inner involutions. The next result does not treat inner and outer cases 
differently. 

Lemma D.16. Lett S 0{Eq) be an involution. The negated sublattice for t is either 
SSD (so occurs in the list for Eg (D.^) ) or is RSSD but not SSD and is isometric 
to one of AA2,AA2 ± Ax.AA^ -L _L Ai,AA2 _L ^1 _L vli _L ^1,^5,^5 _L Ai^Eq. 
Moreover, the isometry types of the RSSD sublattices determine them uniquely up 
to the action ofO{EQ). 

Proof. Let S be the negated sublattice and assume that it is not SSD. Then 
the image of Eq in T>{S) has index 3 and is an elementary abelian 2-group, so that 
det{S) = 2°'3, where a < rank{S). Note that rank{S) > 2. Now, let T := anuEsiS), 
a sublattice of rank at most 4. Since det{S _L T) = 2'^'^3, det{T) = 2" and the image 
of Eq in T){T) is all of T){T). Therefore, T is SSD and we may find the isometry 
type of T among the SSD sublattices of E^. As we search through SSD sublattices 
of rank at most 4 (all have the form A^ or -D4), it is routine to determine the 
annihilators of their embeddings va. Eq. □ 

Lemma D.17. Suppose that R J- Q is an orthogonal direct sum with Q = AA2 and 
R = D4. Let 4> : V{R) — > V{Q) be any monomorphism (recall that V{R) = 2x2 
and 'D{Q) = 2x2x3). Then the lattice X which is between R ± Q and R* _L Q* 
and which is the diagonal with respect to (p is isometric to Eq. Furthermore, if X 
is a lattice isometric to Eq which contains R J- Q, then X is realized this way. 

Proof. Such X have determinant 3. The cosets of order 2 for D4 in its dual have 
odd integer norms (the minimum is 1). The cosets of order 2 for AA2 in its dual 
have odd integer norms (the minimum is 1). It follows that such X above are even 
lattices. By a well-known characterization, X = Eq (cf. (jB.SP ). 

Conversely, suppose that X is a lattice containing R ± Q, X = Eq. Since det{X) 
is odd, the image of the natural map X T)[R) is onto. Therefore, |X : i? _L Ql = 4. 
The image of X in T>{Q) is isomorphic to the image of X in T)[R) . The last statement 
follows. □ 

Corollary D.18. (i) Let Y be a sublattice of X ^ Eq so that Y ^ D4. Then 
annx{Y) = AA2. 

(a) Let U be a sublattice of X = Eq so that U = AA2 and X/{U _L annx{U)) is 
an elementary abelian 2-group. Then X/(U _L annx{U)) = 2^ and anuxiU) — L)^. 

Proof, (i) Let Z := annx{Y). Since {det{X) , det{Y)) = 1, the natural map of X to 
P(y) = 2 X 2 is onto, so the natural map of X to T>{Z) = 2 x 2 x 3 has image 2x2. 
Since rank{Z) = 2, this means is an integral lattice of determinant 2. It is not 
rectangular, or else there exists a root of X whose annihilator contains Y, whereas 
a root of Eq has annihilator which is an jds-sublattice, which does not contain a 
L'4-sublattice (since an A5 lattice does not contain an -sublattice). Therefore, by 
(lEII), j^Z^A2. 
(ii) Use dES]). □ 
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Notation D.19. We define two rank 4 lattices X,Q. First, X ^ AjA2, V{X) = 
2^ X 3. Let X have the decomposition into indecomposable summands X = Xi _L 
X2 -L X3, where Xi=X2 = Ai and X3 = A2. Let ai G Xi, 02 G -^^2, as, "4 G -'^s 
be roots with (as, 04) = —1. 

We define Q = ann (P) , where P is a sublattice of Eq isometric to Af . Then 
2?(Q) = 2^ X 3 and rank{Q) = 4. Then Q is not a root lattice (because in £"6, the 
annihilator of an Ai-sublattice is an ^s-sublattice; in an As-lattice, the annihilator 
of an Ai-sublattice is not a root lattice). 

We use the standard model for Eq, the annihilator in the standard model of 
Es of J := span{(l, -1,0, 0,0, 0,0,0), (0,1,-1,0,0,0,0,0)}. So, Eq is the set of £3 
vectors with equal first three coordinates. 

We may take P to be the span of (0, 0, 0, 1, 1, 0, 0, 0) and (0, 0, 0, 1, -1, 0, 0, 0). 
Therefore, Q = span{u,Qi^w}^ where u = (2,2,2,0,0,0,0,0), Qi is the D^- 
sublattice supported on the last three coordinates, and w := (1, 1, 1,0, 0, 1, 1, 1). 

Lemma D.20. The action of 0{Qi) = 2 x Sym^ extends to an action on Q. This 
action is faithful on Q /3Q* . 

Proof. The action of 0{Qi) = 2 x Sym^ extends to an action on Q by letting 
reflections in roots of Qi act trivially on u and by making the central involution 
of 0{Qi) act as —1 on Q. The induced action on Q/3Q* is faithful since Qi maps 
onto Q/3Q* (because {3,det{Qi)) = 1) and the action on Qi/3Qi is faithful. In 
more detail, the action of 02(0 (Qi)) = 2'^ is by diagonal matrices and any normal 
subgroup of 0((5i) meets 02(0(<5i)) nontrivially. □ 

Lemma D.21. We use notation W.19\) . Then X contains a sublattice Y = V3Q 
andX >Y > 3X. 

Proof. We define f3i := 01 + 02 + 03, 132 ■= —203 — 04,/53 := 03 + 204. Then 
Yi := span{Pi, P2, Ps} — V^D^. The vector P4 := 3ai — 3a2 is orthogonal to Yi 
and has norm 36. Finally, define 7 := i/34 + ^(/3i + 2/32 + 3/3^) = 2ai - 02 + 204. 
Then Y := span{Yi, f]^,^} is the unique lattice containing Yi + Z/34 with index 2 
whose intersection with ^Yi is Yi and whose intersection with ^Z/34 is Z/34. There 
is an analogous characterization for Q and V3Q. We conclude that Y = a/SQ. 
Moreover, by direct calculation, it is easy to show that 

3ai = 7 + /?! - (33, 3o2 = 7 + /3i - /?3 - Pi, 

303 = Pi + 2/33 + P4- 27, 304 = 27 - (/3i + A). 

Hence, Y also contains 3X. □ 

Lemma D.22. Let Ai be the set of rank n integral lattices. For g G let Ai{q) 
be the set of X £ Ai such that X < qX* . Suppose that q is a prime, X,Y £ Ai{q), 
Y > X and q divides \Y : X\. Then q""^"^ divides det{X). In particular, if q^'^'^ 
does not divide det{X), then X is not properly contained in a member of Ai{q). 

Proof. Use the index formula for determinants of lattices. □ 
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Proposition D.23. For an integral lattice K , define K := K + 2K* . Let 

A := {{R, S)\R< S <R'^,R^ V^Q, S ^ X} 

B := {{T, U)\T <U <R^,T^ VSX, U ^ Q} 
A' := {{R, S)\R< S <R^,R< 3R*,det{R) = 2^3^, S ^ X} 
B' := {{T,U)\T < [/ < M^T < 3T*,det(T) = 2^3^ ,U Q}. 
Then (i) A = A' ^(/} and B = B' ^ 0; 

(ii) the map (T, U) ^ {^/3U, -^T) gives a bijection from B onto A; furthermore 

if (T, U) £ B, then T > 3U and if {R, S) £ A, then R > 3S; 
(Hi) O(M^) has one orbit on A and on B. 

Proof. Clearly, ^ C ^' and i3 C B'. From ^lD2l\i . ^ / and / 0. Moreover, 
the formula in (ii) gives a bijection between A and B. 
Now, let {E, F) be in A' U B'. 

We claim that 3-F = F f] 3F* . We prove this with the theory of modules over 
a FID. Since 'D{F) = 2^ x 3, there exists a basis a, b, c, d of F* so that a, b, 2c, Qd 
is a basis of F. Then a, b, 2c, 2d is a basis of F. Since 3F* has basis 3a, 36, 3c, 3d, 
F n 3F* has basis 3a, 36, 6c, 6d. The claim follows. 

Note that F/3F is an elementary abelian 3-group of rank 3 and the claim implies 
that it is a nonsingular quadratic space. Therefore, its totally singular subspaces 
have dimension at most 1. 

We now study E' := E + 3F, which maps onto a totally singular subspace 
of F/3F. Since totally singular subspaces have dimension at most 1, \F : E'\ is 
divisible by 3^ and so its determinant is \F : E'\'^det{F) = \F : S'p2^3. However, 
E' contains E, which has determinant 2^3^. We conclude that E = E' has index 9 
in F. Therefore, E = E' > 3F. The remaining parts of (ii) follow. 

Let (r, U) G B. The action of 0{U) = Symji x 2 on U /3U is that of a monomial 
group with respect to a basis of equal norm nonsingular vectors ()D.20p . It follows 
that the action is transitive on maximal totally singular subspaces, of which T /3U 
is one. This proves transitivity for B. Therefore B = B' and, using the 0{U)- 
equivariant bijection (ii), A = A! . □ 

Corollary D.24. \/3Q does not embed in Q and ^/3X does not embed in X. 

Proof. Use (lD.23p . (ID.2ip and the fact that X is not isometric to Q {X is a root 
lattice and Q is not). □ 

Lemma D.25. Suppose that S -L T is an orthogonal direct sum with S = A2,T = 
Eq. The set of Eg lattices which contain S -L T is in bijection with {X\ S -L T < 
X <S* ±T*,\X :S ±T\=3,S*nX = S,T*nX = T}. 

Proof. This is clear since any E^ lattice containing S -L T lies in S* _L T* and 
since the nontrivial cosets of S in S* have norms in | + 2Z and the nontrivial cosets 
of T in T* have norms in | + 2Z. □ 

Lemma D.26. Let X = D4 and let H = AAi be a sublattice of X . Then the image 
of the natural map X* to H* is H* = jH. 
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Proof. A generator of H has norm 4, so is a direct summand of L. In general, 
if is a lattice and y is a direct summand of W , the natural map W* — > Y* is 
onto. The lemma follows. □ 

Lemma D.27. (i) Up to the action of the root reflection group of D4, there is a 
unique embedding of AA2 sublattices. 

(a) We have transitivity of 0{D4) on the set of A2 sublattices and on the set 
of A A2- sublattices. In -D4, the annihilator of an AA2 sublattice is an A2 sublattice, 
and the annihilator of an A2 sublattice is an AA2- sublattice. 

Proof, (i) Let X = D4 and Y = AA2 ■ Since every element of Y has norm divisible 
by 4, y < 2X*. Now let s := / - 1, where / G 02{Weyl{X)), f^ = -1. Then s"^ 
takes 2X* to X and takes Y to an A2 sublattice of X. Now use the well-known 
results that A2 sublattices form one orbit under Weyl{X) and 0(^2) = Dihi2 is 
induced on an A2 sublattice of -D4 by its stabilizer in Weyl{D4). 

(ii) We may take Y := span{(-2, 0, 0, 0), (1, 1, 1, 1)} = AA2. Its annihilator is 
Z := span{{0, 1, -1, 0), (0, 0, 1, -1)} ^ A2. Trivially, annx = (Z) = Y. O 

Lemma D.28. Let X = Eq and Y,Z sublattices such that Z = D4 and Y := 
annx{Z) = AA2. Define W := 2Y* (alternatively, W may be characterized by the 
property that Y <W <Y*, W/Y ^3). Then W < X* . 

Proof. By coprimeness, the natural map X ^ Z* is onto, and the image of X in 
T>(Z) has order 4. Therefore, the image of the natural map X — > 'D^Y) has order 4 
and so the image of the natural map X ^Y* is \Y. The dual of \Y is 2^*, which 
contains Y with index 3 and satisfies (X, 21"*) < Z. □ 

Lemma D.29. We have {E\^E\) = |Z and the norms of vectors in Eq \Eq are in 

l + z. 

Proof. This follows from the fact that Eq has a sublattice of index 3 which is 
isometric to A2 and the facts that (^2,^2) ~ |^ that a glue vector for A2 in 
Eq has nontrivial projection to the spaces spanned by each of the three summands. 
□ 

Hypothesis D.30. L is a rank 12 even integral lattice, T'lL) = 3^ , for some integer 
k, L is rootless and L* contains no vector of norm |. 

Lemma D.31. The quadratic space T){L) in W. 30^ has nonmaximal Witt index if 
k is even. 

Proof. If the Witt index were maximal for k is even, there would exist a lattice M 
which satisfies 3L < 3M < L and 3M/3L is a totally singular space of dimension ^. 
Such an M is even and unimodular. A well-known theorem says that rank{M) S 8Z, 
a contradiction. □ 

Proposition D.32. Let L,L' be two lattices which satisfy hypothesis W.30\) for k 
even, and which have the same determinant. There exists an embedding of L J- L' 
into the Leech lattice. 
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Proof. We form L ± L' . The quadratic spaces 'D{L), T>{L)' have nonmaximal Witt 
index. 

Let g he a, hnear isomorphism from T>{L) to 'D(L') which takes the quadratic 
form on T^iL) to the negative of the quadratic form on T>[L') (jA.lOp . 

Now, form the overlattice J by gluing from T>{L) to T>{L') with g. Clearly, J has 
rank 24, is even and unimodular. The famous characterization of the Leech lattices 
reduces the proof to showing that J is rootless. 

Suppose that J has a root, s. Write s = r + r' as a sum of its projections to the 
rational spaces spanned by L, L' respectively. The norm of any element x & L* has 
the form a/3, where a is an even integer at least 4. The norm of any element x £ L'* 
has the form 6/3, where b is an even integer at least 4. Therefore, we may assume 
that r,r' have respective norms at least |. Then (s,s) > | > 2, a contradiction. □ 

Lemma D.33. Let L be an even integral rootless lattice with T)[L) = 3^ , for an 
integer k, and an automorphism g of order 3 without eigenvalue 1 such that L* (g — 
1) < L. Then L satisfies hypothesis liD.30\) . 

Proof. We need to show that if v G L*, then {v,v) > |. This follows since 
v{g — 1) G L, {v{g — l),v{g — 1)) = 3{v, v) and L is rootless. □ 

Corollary D.34. // L, L' satisfy hypotheses of W. 35)) and each of L, L' is not 

properly contained in a rank 12 integral rootless lattice (such an overlattice satisfies 
lUM) ). then L^V and k = 6. 

Proof. Let A be the Leech lattice. We use results from jGrl2j which analyze the 
elements of order 3 in A. 

Take two copies Li,L2 of L. We have by (ID.32p . an embedding of Li _L L2 in 
A. Identify Li _L L2 with a sublattice of A. 

Since Li, L2 are not properly contained in another lattice which satisfies (ID.33P 
and since A is rootless, Li and L2 are direct summands of A. Since they are direct 
summands, L2 = ann\{Li), Li = ann\{L2) and the natural maps of A to T>{Li) 
and T>{L2) are onto. The gluing construction shows that the automorphism g of 
order 3 in L as in (ID. 331) extends to an automorphism of A by given action on L2 
and trivial action on Li. Denote the extension by g. 

We now do the same for L' , g' in place of L, g. 

From Theorem 10.35 of |Grl2| . g and g' are conjugate in 0(A) and det(V) = 
det{L') = 3^. A conjugating element takes the fixed point sublattice Li of g to the 
fixed point sublattice of g' . Therefore, L and L' are isometric. □ 

Corollary D.35. The Coxeter-Todd lattice is not properly contained in an integral, 
rootless lattice. 

Proof. Embed the Coxeter-Todd lattice P in a lattice Q satisfying the hypothesis 
of (lEMl). Since det{P) = 3^ = det{Q), P = Q.U 

Lemma D.36. Let X ^ Es, P < X, P ^ Eq and Q := annx{P). 

(i) There exists a sublattice R = A2 so that RD {PU Q) contains no roots. 

(a) If r £ R is a root, then the orthogonal projection of r to P has norm | and 
the projection to Q has norm |. 
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Proof, (i) We may pass to a sublattice Qi -L Q2 -L Q3 -L Q of type A2, where 
P > Qi J- Q2 -\- Qs- Then X is described by a standard gluing with a tetracode, 
the subspace of F3 spanned by (0, 1, 1, 1), (1, 0, 1, 2), and elements Vi of the dual of 
Qi {Q4 '■= Q) where Vi has norm |. Then for example take R to be the span of 
V2 + ^'a + ^4) ^^1 +^3 — w, where S 1^4 + Q has norm | but {w, V4) = — |. See (ID.6p . 
(ii) This follows since the norms in any nontrivial coset of Q in Q* is | + 2Z. □ 

E Values of the Hermite function 

Notation E.l. Let n and d be positive integers. Define the Hermite function 

n-l 

H{n,d):={^ " 

Theorem E.2 (Hermite: cf. proof in |Knj . p. 83). // a positive definite rank n 
lattice has determinant d, it contains a nonzero vector of norm < H{n,d). 

Table 12: Values of the Hermite function H{n,d); see [Kn] , p. 83. 
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F Embeddings of NREE8 pairs in the Leech 
lattice 

If M, N is an NREE8 pair, then except for the case DIH^^lb), L = M + N can be 
embedded in the Leech lattice A. In this section, we shall describe such embeddings 
explicitly. 

In the exceptional case DIH4^{lb), M DN = AAi and |tMijv| = 2. See ([53]) . 
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F.l Leech lattice and its isometry group 



We shall recall some notations and review certain basic properties of the Leech 
lattice A and its isometry group 0(A), which is also known as Coq, a perfect group 
of order 2^2 • 3^ • 5^ • 7^ • 11 • 13 • 23. 

Let ri = {1, 2, 3, . . . , 24} be a set of 24 element and let Q be the extended Golay 
code of length 24 indexed by O. A subset 5 C O is called a ^-set if S* = suppa for 
some codeword a £ Q. We shall identify a ^-set with the corresponding codeword 
in Q. A Q-set O is called an octad if \0\ = 8 and is called a dodecad if \0\ = 12. 
A sextet is a partition of Q into six 4-element sets of which the union of any two 
forms a octad. Each 4-element set in a sextet is called a tetrad. 

For explicit calculations, we shall use the notion of hexacode balance to denote 
the codewords of the Golay code and the vectors in the Leech lattice. First we 
arrange the set into a 4 x 6 array such that the six columns forms a sextet. 

For each codeword in ^, and 1 are marked by a blanked and non-blanked space, 
respectively, at the corresponding positions in the array. For example, (1^0^^) is 
denoted by the array 



The following is a standard construction of the Leech lattice. 

Definition F.l (Standard Leech lattice [CS1[G7T2] ^. Let Ci := ^ (0, . . . , 4, . . . , 0) 

for i £ Q. Then (ej,ej) = 25ij. Denote ex '■= Ylii^x^i ^^"^ X £ Q. The standard 
Leech lattice A is a lattice of rank 24 generated by the vectors: 

-ex , where X is a generator of the Golay code Q; 
1 

-^en - ei ; 

Ci ± ej , i,j £ fi. 

Remark F.2. By arranging the set into a 4 x 6 array, every vector in the Leech 
lattice A can be written as the form 

X = —= \X\X2Xj,X,^X^X^ , juxtaposition of column vectors. 
v8 

For example. 
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denotes the vector — sa, where A is the codeword 



Definition F.3. A set of vectors {±/3i, . . . ,±024.} C A is cahed a frame of A if 
{Pi, (3j) = 85ij for all i, j £ {1, . . . , 24}. For example, {±2ei, . . . , ±2624} is a frame 
and we call it the standard frame. 

Next, we shall recall some basic facts about the involutions in 0(A). 

Let = {±/3i, . . . , ±024:} be a frame. For any subset S C 0,, we can define an 
isometry : R24 ^ ^24 ^^^^.^ = ^ ^ ^ ^nd (A) = A if i ^ S. The 

involutions in 0(A) can be characterized as follows: 

Theorem F.4 ( \CS\ [Grl2] ). There are exactly 4 conjugacy classes of involutions 
in 0(A). They correspond to the involutions e'g , where J- is a frame and S £ Q 
is an octad, the complement of an octad, a dodecad, or the set Q. Moreover, the 
eigen-suhlattice {f G A | £5 (w) = —v} is isomorphic to EEg, BWiq, -DZ)^ and A, 
respectively, where BWiq is the Barnes-Wall lattice of rank 16. 



F.2 Standard EE^s in the Leech lattice 

We shall describe some standard EEgs in the Leech lattice in this subsection. 



F.2.1 EEs corresponding to octads in different frames 

Let = {±/3i, . . . , ±024} C A be a frame and denote Qj := 0i/2. For any octad O, 
denote 



Er{0) = span < ± aj,i, j G 



ieo ) 



Then Ejr{0) is a sublattice of A isomorphic to EE^. If {=b2ei, . . . , ±2624} is the 
standard frame, we shall simply denote Ejr[0) by E{0). 

Next we shall consider another frame. Let 
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A 



Notation F.5. Define a linear map ^ : A — > A by XS, = AXD, where 

X = [X1X2X3X4X5X6] 
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is a vector in the Leech lattice A and D is the diagonal matrix 
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Recall that ^ defines an isometry of A (cf. [CS, p. 288] and p?T2l p. 97]). 

Let T := {±2ei, . . . , ±2624} be the standard frame. Then J^^ = {±2ei, . . . , ±2624}^, 
is also a frame. In this case, E{0)^, = Ejr^[0) is also isomorphic to EE^ for any 
octad O. Note that if .7^ is a frame and g G 0(A), then is also frame. 

F.2.2 EE^ associated to an even permutation in octad stabilizer 

The subgroup of SyrriQ which fixes G setwise is the Mathieu group M24, which is a 
simple group of order 2^''-3'^-5-7-ll-23. Recall that M24 is transitive on octads. The 
stabilizer of an octad is the group 2'^:Alts = AGL{4:, 2) and it acts as the alternating 
group Alts on the octad. If we fix a particular point outside the octad, then every 
even permutation on the octad can be extended to a unique element of M24 which 
fixes the point. 

Let a = {ij){kl) G Sym{0) be a product of 2 disjoint transpositions on the 
standard octad O. Then a determines a sextet which contains {i,j, k,i} as a tetrad 
and a extends uniquely to an element a which fixes a particular point outside the 
octad. Note that a fixes 2 tetrads and keeps the other 4 tetrads invariant. Moreover, 
a has a rank 8 (— l)-eigenlattice which we call E, and that E is isometric to EEs- 

Take a to be the involution (UP6) listed in [UrT2l pp. 49-52]. 



(UP 6) 



Then a stabilizes the octad 

and determines as above the sublattice 

E = span^ < ±ai ± Oj, - ^ ejOj 
I i=i 

where 
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i,j = 1, . . . , 8 and ej = ±1 such that ni=i ~ 1- Then E is a sublattice in A which 
is isomorphic to EE^. By our construction, it is also clear that a acts as — 1 on 
and 1 on ann/<^{E). 

Recall that a is acting on A from the right according to our convention. 

F.3 EEg pairs in the Leech lattice 

In this subsection, we shall describe certain NREE8 pairs M, N explicitly inside the 
Leech lattice. By using the uniqueness theorem (cf. Theorem 14. ip . we know that 
our examples are actually isomorphic to the lattices in Table [TJ It turns out that 
except for DIH4{15), all lattices in Table[T]can be embedded into the Leech lattice. 

We shall note that the lattice L = M+N is uniquely determined (up to isometry) 
by the rank of L and the order of the dihedral group D := {tM,tN) except for 
DIHsilGjO) and DIHs{16,DD4). Extra information about annM{N) is needed to 
distinguish them. 

Let M and be EE^ sublattices of the Leech lattice A. Let t := tpj and u := t]y 
be the involutions of A such that t and u act on M and as — 1 and act as 1 on Af-*" 
and A^-*-, respectively. Set g := ut and D := {t,u), the dihedral group generated by 
t and u. 

Notation F.6. In this subsection, O, O' , O" , etc denote some arbitrary octads 
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while Oi, O2, O3, and (D4 denote the fixed octads given as follows. 



* * 

* * 



* * 



O2 



O4 



* * 



* * 



Remark F.7. All the Gram matrices in this subsection are computed by multi- 
plying the matrix A by its transpose A*, where A is the matrix whose rows form 
an ordered basis given in each case. The Smith invariants sequences are computed 
using the command ismith in Maple 8. 



F.3.1 1^1 = 2. 

In this case, M n iV = 0, AAi,AAi _L AAi or DD4^. 

Case: DIHi{lf>): This case does not embed into A. 

If Af n = AAi, then L = M + N = DIH4(15) contains a sublattice isometric 
to AAi _L EEj _L EEj, which cannot be embedded in the Leech lattice A because 
the (— l)-eigenlattice of the involution g = tM^N has rank 14 but there is no such 
involution in 0(A) (cf. Theorem IF. 4p . 



Notation F.8. Let O = {ii, . . . , ig} and O' = {ji, . . . , jg} be 2 distinct octads and 
denote M := E{0) and := E{0'). Since the Golay code ^ is a type // code 
(doubly even) and the minimal norm of ^ is 8, H 0'| is either 0, 2, or 4. 



DIH4(16) 

When 10 n O'l = 0, clearly MnA^ = OandM + A^^ EE^ _L EE^. 
DIH4(14) 

Suppose Or\0' = {ii,i2] = {ji^h}- Then \Of^O'\ = 2 and F = M n A^ = 
span^jejj +ei^, e^^ "^jj} = AAi _L AAi. In this case, annM{F) = annj\f{F) = DDq 
and L contains a sublattice of type AAi _L AAi _L DDq _L DDq which has index 
2^ in L. Note that L is of rank 14. By computing the Gram matrices, it is easy to 
check that 

{^(^n H \- ejg)} U {-ei^ + e^^^, J 7 > k > 3} U {-Ci^ + ei^,-ei^ - eij 

is a basis of M and 

{-ei2 + ei,, -e^i - e^J U {e^,,^ - e^J 3 < k < 7} U {^{ej, +■■■ + e^J} 
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is a basis of N. Thus, 



{^(^n ^ ^is)} U {-^ifc + ^ifc-il 8 > A: > 3} U {-Ci^ + ei^,-ei^ - eij 

U - e,, I 3 < A; < 8} U {^{ej, + ■■■ + ej,)} 

is a basis of L and the Gram matrix of L is given by 



4 




















-2 


1 














1 





4 


-2 






































-2 


4 


-2 






































-2 


4 


-2 






































-2 


4 


-2 
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The Smith invariant sequence is 11112222222244. 
DIH4(12) 

Suppose O n O' = {ii,i2,i3,H} = {ji, 32, js, ji} (cf- Notation IF.Sp . Then 
\OnO'\ = 4 and F = MnN = span^jej, ± e^J 1 < < / < 4} ^ DD4. Thus, 
annM{F) = annN{F) = DD^i. In this case, L is of rank 12 and it contains a 
sublattice of type DD4 _L DD^ _L DD/^ which has index 2^ in L. Note that {ejj + 

} is a basis of F = M n A^. A check of Gram matrices 

also shows that 



"{^21 ~t~ , ^22^ 622,622 ^?3 ; ^23 ^24^^1^624 ^255^25 ^26 5^^6 ^' 



is a basis of M and 



+ •••+628)} 



{621+622)^21 622)622 643,623 624 } U {6^4- 



6jl +• • •+6j8)} 



is a basis of N . Therefore, L = M + N has a basis 



{62^ -j- 622 , 622^ 622 , 622 
U{624 — 625 , 625 — eig , ejg 

'-^{674 ~ 6j5, 6j5 — 6jg, ejg 

and the Gram matrix of L is given by 



623 ) 623 624 } 
-1 

627) 2 + • • • + 628 j| 



6j7) 2 ^^-Jl ~'~ 



+ 6i8)} 



72 



4 





2 














-2 











-2 





4 


-2 





























2 


-2 


4 


-2 
































-2 


4 


-2 











-2 




















-2 


4 


-2 








2 








-1 














-2 


4 


-2 
































-2 


4 

















-2 




















4 


-1 








2 











-2 


2 








-1 


4 


-2 
































-2 


4 


-2 
































-2 


4 





-2 











-1 








2 











4 



whose Smith invariant sequence is 111122222244. 

F.3.2 \g\ = 3. 

In this case, M n iV = or AA2. 
DIH6(16) 

Notation F.9. Let M := -©(d) = EEs, where Oi is the octad described in 
Notation (1F.6|1 . We choose a basis . . . , /Sg} of M, where 
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Let be the lattice generated by the vectors 



ai = 
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By checkmg the inner products, it is easy to shows that N = EEs- Note that 
ai, . . . , ay are supported on octads and thus < A by ()F.ip . 

In this case, MnN = 0. Then (32, • • • , Ps^Oii, . . . , «§} is a basis of L = M+N 
and the Gram matrix of L = M + A^ is given by 
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By looking at the Gram matrix, it is clear that L = M + N = A2 Eg. The 
Smith invariant sequence is 1111111133333333. 
DIH6(12) 

Let M := E[02) and A^ := M^, where O2 is the octad described in Notation 
()F.6|) and ^ is the isometry defined in Notation ()F.5p . 
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Notation F.IO. Set 
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Then {71, . . . , 78} is a basis of M and {71^, . . . , 78^ ^ basis of N. 

By the definition of ^, it is easy to show that 71.^ = —71,72'? = —72- Moreover, 
for any a £ M = E{02), a(, is supported on O2 if and only if a G span2{7i, 72}. 
Hence, F = MnN = span2{7i,72} = AA2. Then annuiF) = annN{F) = EEq 
and L = M + iV is of rank 14. 

Note that {71, 72, 73, • • • , 73} is a basis of M and {71, 72, 73^, • • • , 78^ ^ basis 
of N. Therefore, 

{71, 72} U {73, . . . , 78} U {73C, . . . , 78^} 
is a basis of L and the Gram matrix of L is given by 
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whose Smith invariant sequence is 1111 11111 33366. 

Recall that anuM^F) + annj\f{F) = ^2 ® -E'e (cf- (|3.2p ) and thus L contains a 
sublattice isometric to AA2 -L {A2 Eq). 

F.3.3 \g\ = 4. 

In this case, M n iV = or ^^1. There are 2 subcases for M nN = 0. 
DIH8(16,0) 

Let M := E(Oi), where Oi is the octad as described in Notation ()F.6p . 
Take {Pi,..., Ps} as defined in Notation (1^9]) . Then it is a basis of M = E{Oi). 
Let be the EEg sublattice generated by 
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In this case, M n = and anni\i{M) = annM{N) = 0. Moreover, the set 
{Pi, . . . , Ps, as} forms a basis of L = M + and the Gram matrix of L is 
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The Smith invariant sequence is 1111111122222222. 

It is clear that L < ann\{E{Oz)) (see ()F.6P for the definition of Os). On 
the other hand, det{L) = 2^ = det{ann\{E{0^))). Hence, L = ann\{E{0^)) is 
isomorphic to BWie (cf- Section (I5.2.2p ). 

DIH8(16,DD4) 

Define M := E{02)^ and N := E{04,), where ©2 and ©4 are defined as in 
Notation ()F.6p . We shall use the set {71^, . . . ,73^} defined in Notation (|F.10p as a 
basis of M and the set {ai, . . . , as} as a basis of A^, where 
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Recall that 



and C>4 
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and 
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I- 111 

II- 11 
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Therefore, no vector in M = E{02)^ can be supported on O4 and hence Mn AT = 0. 
Moreover, we have 



annM{N) = {7^ G M| {'y^,ai) = 0, for all i = 
= {7C G M| suppjn O4 = 0} 
= spanz{7iC,72^,73C,77C} = ^^4- 
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Then 

annN{M) ={a G E{Oi)\{a,-fiO 



for alH = 1, . . . ,8} 
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In this case, L = M + iV is of rank 16 and {ai, . . . , ag, 71^, 



, 78^} is a basis of L. 
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The Gram matrix of L is given by 



4 


-2 





























2 


-2 








-1 " 


to 


4 


-2 











2 














-1 





1 











-2 


4 


-2 


























2 


-2 





1 








-2 


4 


-2 























-1 





1 


-1 











-2 


4 


-2 























2 


-2 


1 














-2 


4 























-1 





-1 





2 














4 


-2 





























u 


u 


u 


u 


u 


— Z 


4 


u 


u 


u 


u 


u 


u 


U 


U 


























4 


-2 












































-2 


4 


-2 












































-2 


4 


-2 














2 


-1 


























-2 


4 


-2 











-2 





2 


-1 























-2 


4 


-2 





2 





1 


-2 





2 


-1 




















-2 


4 


-2 














1 


-2 


























-2 


4 





-1 





1 


-1 


1 


-1 




















2 








4 



whose Smith invariant sequence is 1111111122224444. 
A check of the Gram matrices also shows that 



and 

where 



annM{annM{N)) = span2{75C, 76^, 77^> TsC} - ^-^4 



annN{annN{M)) = spanZjcti, as, as, «§} — -D-D4, 
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Let K = annM{annM{N)) + ann]s[{annN{M)) . Then K is generated by 
75C, 76^, 77?' 78^, ttij 013, as, a'g. 
The determinant of K is 2® and thus it is also isometric to EEg. 
DIH8(15) 

When M D N = AAi, this is the only possible case. 
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Let (Ti and be the involutions given as follows. 
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Then, 
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is of order 4. 



(UP 12xUP 11 ) 

Let M and N be the EEg lattices corresponding to ai and (72, respectively. 
Then, 
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Note that M D N = span2{a2}. A check of Gram matrices also shows that 
{ai, a2, 03, . . . , as} is a basis of M and {a[,a2,a'^, ■■■ , a'^} is a basis of N. Thus, 
{ai,a2,a3, . . . , as}U{a[,a'^, . . . , a'g} is a basis oi L = M + N and the Gram matrix 
of L is given by 
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The Smith invariant sequence for L is 111111111144444. 



F.3.4 1^1 = 5. 

In this case, M n A?" = and annM{N) = annp^{M) = 0. 
DIHio(16) Let ai and a2 be the invohitions given as follows: 
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rank 16. By Gram matrices, it is easy to check 



"1 





4 


-4 
















-2 


2 





-2 








1 




























2 











Vs 




















' "^ = 71 





2 











-2 



























-2 








2 






as 



05 



"7 














4 



















-2 


-2 





1 








-4 



















2 








-2 


Ts 




















' "^ = 71 








2 








2 

































2 


-2 






form a basis of M and 
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form a basis of N. In addition, {ai, . . . ,as,o/i, . . . , a'g} is a basis of L = M + A'^. 
The Gram matrix of L is then given by 
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The Smith invariant sequence is 1111111111115555. 



F.3.5 \g\^6. 

In this case, MCiN = 0, and annN{M) ^ annuiN) = AA2. 
DIHi2(16) 

Let (7i and (72 be the involutions given as follows: 
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Let M and N be the EEg, lattices corresponding to ai and (72, respectively. 
Then, MnN = 0. Moreover, we have 
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In this case, L = M + N is of rank 16. By Gram matrices, it is easy to check 
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form a basis for A'^. Note that {cci, . , 
matrix of L is given by 



, ag, a'l, • • • , CKg} is a basis of L and the Gram 
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The Smith invariant sequence is 1111111111116666. 
Now let g = (cri(72)^. Then 
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Note that Mg is also isometric to EEg and it has a basis 
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Hence we have 



4 




















-4 





























































































2 


-2 


-2 


2 








2 


-2 


2 


-2 





























4 


-4 




















































-2 






















2 


-2 


2 
















-2 





2 













-2 








2 



Note that 
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and it commutes with tN- In this case, tMg and generates a dihedral group of 
order 4 and Mg + N is isometric to the lattice DIH4{12). 
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